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RELATIVE GROWTH RATE AND CONTACT BANACH-MAZUR
DISTANCE
DANIEL ROSEN AND JUN ZHANG
Abstract. In this paper, we define a non-linear version of Banach-Mazur distance in the
contact geometry set-up, called contact Banach-Mazur distance and denoted by dCBM.
Explicitly, we consider the following two set-ups, either on a contact manifold W × S1
where W is a Liouville manifold, or a closed Liouville-fillable contact manifold M . The
inputs of dCBM are different in these two cases. In the former case the inputs are (contact)
star-shaped domains of W × S1, and in the latter case the inputs are contact 1-forms of
M . In particular, the contact Banach-Mazur distance dCBM defined in the former case is
motivated by the concept, relative growth rate, which was originally defined and studied in
[8]. In addition, we investigate the relations of dCBM to various numerical measurements in
contact geometry and symplectic geometry, for instance, (contact) shape invariant defined
in [9], (coarse) symplectic Banach-Mazur distance recently defined and studied in [34]
and [35]. Moreover, we obtain several large-scale geometric properties in terms of dCBM.
Finally, we propose a quantitative comparison between elements in the derived categories
of sheaves of modules (over certain topological spaces). This is based on several important
properties of the singular support of sheaves.
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2 DANIEL ROSEN AND JUN ZHANG
1. Introduction and main results
Quantitative comparisons between objects in symplectic geometry have been investigated
for decades. For instance, in terms of the objects from dynamics, the well-known Hofer
distance dHofer is defined between Hamiltonian diffeomorphisms of a symplectic manifold,
which is based on the fundamental work [18] and [20]. This led to an influential research
direction called Hofer geometry ([23]), as well as far-reaching applications to Hamiltonian
dynamic ([36], [27], [28], [37]). For another instance, inspired by [22], the recent work [34],
[35] and [15] studied quantitative comparisons between symplectic objects constructed from
a geometric perspective, that is, star-shaped domains of a Liouville manifold. These are
symplectic Banach-Mazur distance dSBM and coarse symplectic Banach-Mazur distance dc,
and they can be viewed as non-linear analogues of the classical Banach-Mazur distance in
convex geometry ([30]). In the set-up of contact geometry, a Hofer-like distance dShelukhin
between contactomorphisms or contact isotopies was recently defined and investigated in
[31]. This opens new research directions ([29]), and also provides a useful measurement if
one wants to study analogue quantitative problems in contact geometry ([7]). This paper is
devoted to the study of quantitative comparisons between both contactomorphisms (different
from dShelukhin in [31]) and “contact domains” of certain contact manifolds. The following
table summarizes what was elaborated above.
Quantitative Comparisons
area/objects dynamics geometry
symplectic geometry
Ham diffeo.s star-shaped domains
contact geometry
contact isotopies contact domains
dHofer dSBM or dc
dShelukhin ?
1.1. Pseudo-metric spaces from partial orders. In this paper, both the comparison
between contactomorphisms, more precisely, certain equivalence classes of contact isotopies,
and the comparison between contact domains will be heavily influenced by the concept,
relative growth rate, which was first defined and investigated in [8] (and also in a recent
work [6] on certain non-compact contact manifolds). The relative growth rate can be defined
in a broad way. In general, let G be a semi-group endowed with a bi-invariant partial order
≥ 1. We call an element a ∈ G\{1} a dominant if, for any b ∈ G, there exists some k ∈ N
such that ak ≥ b. The set of all the dominants of G is denoted by G+. For a ∈ G+ and
b ∈ G, define
(1) ρ+≥(a, b) := lim
l→∞
inf{k ∈ Z | ak ≥ bl}
l
= inf
{
k
l
∈ Q
∣∣∣∣ (k ∈ Z, l ∈ N) (ak ≥ bl)} .
For the second equality in (1), see the proof of Theorem 2.4 in [33]. If b ∈ G+ as well, then
similarly one can define ρ−≥(a, b) := ρ
+
≥(b, a). The relative growth rate between a and b is
defined by γ≥(a, b) := max{|ρ+≥(a, b)|, |ρ−≥(a, b)|} for a, b ∈ G+. In Section 3, Appendix, we
show that the relative growth rate γ≥ (in fact ρ+≥) over G+ defined in (1) admits a further
simplification which can be defined via only prime numbers. Moreover, if both a, b ∈ G+,
then both ρ+≥(a, b) and ρ
−
≥(a, b) are non-zero. This is due to the cute inequality (1.1.A)
1A partial order ≥ is bi-invariant if, for any a, b ∈ G, we have a ≥ b if and only if ac ≥ bc and ca ≥ cb for
any c ∈ G.
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in [8], that is, ρ+≥(a, b)ρ
−
≥(a, b) ≥ 1. One can use the relative growth rate to construct a
pseudo-metric space. Explicitly, define d≥ : G+ ×G+ → [0,∞) by
(2) d≥(a, b) = ln γ≥(a, b)
for a, b ∈ G+, and it is easy to check that (G+, d≥) is a pseudo-metric space. The famous
(non)-orderability phenomenon ([8], [10]) of contact manifolds is defined (or discovered) by
a relation ≥o applied to G := C˜ont0(M, ξ), the universal covering of the identity component
of the contactomorphism group of a contact manifold (M, ξ), via a comparison between
contact Hamiltonian functions. For details and its related background, see subsection 2.1.
For our own purpose, this paper will mainly consider a slightly different semi-group with
a relation different from ≥o. Let (M, ξ) be a contact manifold with a co-oriented contact
structure. Denote by PCont0(M, ξ) the set of all the path (parametrized by [0, 1]) inside
contactomorphism group of (M, ξ) starting from 1, and by PCont+(M, ξ) the set of all
positive paths in PCont0(M, ξ). Denote by
−→
G = PCont+(M, ξ)/∼, where φ ∼ ψ if and
only if φ1 = ψ1 and they are homotopic with fixed endpoints through positive paths in
PCont+(M, ξ). For any two elements [φ] and [ψ] in
−→
G , assume that [φ] = [{φt}t∈[0,1]] and
[ψ] = [{ψt}t∈[0,1]]. Define
[φ] · [ψ] := [{φtψt}t∈[0,1]].
It is easy to check that the operator “·” defines a semi-group structure on −→G . For brevity,
we will omit the notation “·”, i.e., [φ][ψ] := [φ] · [ψ]. Moreover, there exists a natural
projection pi :
−→
G → C˜ont0(M, ξ). By definition, (M, ξ) is orderable or non-orderable if and
only if 1 /∈ pi(−→G) or 1 ∈ pi(−→G), respectively, where 1 is the identity class in C˜ont0(M, ξ)
represented by a contractible loop. Finally, one can check that pi([φ][ψ]) = pi([φ])pi([ψ]), that
is, pi is a semi-group morphism. Inspired by subsection 6.3 in [10], for [φ], [ψ] ∈ −→G , define
the following relation,
(3) [φ] ≥+ [ψ] if and only if [φ] = [ψ] or [φ] = [ψ][θ] for some [θ] ∈ −→G .
This relation ≥+ applies more broadly than ≥o in the sense that ≥+ can also apply, to some
extent, to non-orderable contact manifolds (see (iv) in Proposition 6.10 in [10]). Let us focus
on the orderable contact manifolds, and here is our first main result.
Theorem 1.1. Let (M, ξ) be an orderable contact manifold. Then the relation ≥+ in (3)
defines a bi-invariant partial order on
−→
G . Moreover, the projection pi :
−→
G → C˜ont0(M, ξ) is
monotone, i.e., for any [φ], [ψ] ∈ −→G such that [φ] ≥+ [ψ], we have pi([φ]) ≥o pi([ψ]), where
≥o is the partial order on C˜ont0(M, ξ) defined in (14).
The proof of Theorem 1.1 is presented in subsection 2.1. This theorem immediately
implies the following result.
Corollary 1.2. Let (M, ξ) be an orderable contact manifold. Then (
−→
G, d≥+) is a pseudo-
metric space, where d≥+ is defined as in (2) with respect to the partial order ≥+, and
the natural projection pi :
−→
G → C˜ont0(M, ξ) is a monotone decreasing embedding pi :
(
−→
G, d≥+)→ (G+, d≥o), i.e., for any [φ], [ψ] ∈
−→
G , we have d≥+([φ], [ψ]) ≥ d≥o(pi([φ]), pi([ψ])).
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Therefore, the non-triviality (if it exists) of the pseudo-metric space (G+, d≥o) implies
the non-triviality of the pseudo-metric space (
−→
G, d≥+)
2. Similarly, a large-scale geometric
property (if it exists) of the pseudo-metric space (G+, d≥o) implies a large-scale geometric
property of the pseudo-metric space (
−→
G, d≥+). For non-orderable contact manifold, there
does not exist such a conclusion as in Theorem 1.1 (thus no such conclusion as in Corollary
1.2). The paragraph right after the proof of Theorem 1.1 in subsection 2.1 provides a detailed
explanation.
Remark 1.3. The necessity of working on PCont+(M, ξ) or its quotient
−→
G will be clear
when we reach subsection 1.4.1. Roughly speaking, each positive contact isotopy corre-
sponds to a contact version of fiberwise star-shaped domain of a contact manifold. The
requirement of a homotopy through (only) positive contact isotopies guarantees that the
induced deformation of the corresponding domains takes place within the class of fiberwise
star-shaped domains. On the other hand, we emphasize that the partial order ≥o defined on
C˜ont0(M, ξ) is not applicable to
−→
G . It seems impossible to show that ≥o is anti-symmetric
and transitive on
−→
G , partially due to the fact that no inverse exists in
−→
G .
1.2. Contact Banach-Mazur distance. The relative growth rate also inspires the defi-
nition, contact Banach-Mazur distance dCBM, between contact domains. The comparison
between domains in the contact geometry set-ups involves new ideas. Compared with the
symplectic geometry set-ups, let us emphasize the following essential difference appearing
in the contact geometry set-ups. Recall that one of the key ingredients in the definition of
the (coarse) symplectic Banach-Mazur distance dc (see the definition (23)) in the symplectic
geometry set-up is the “rescaling” of a star-shaped domain U by a constant C > 0, denoted
by CU . This is achieved by flowing along the Liouville vector field, a defining element of
a Liouville manifold. However, in the contact geometry set-ups, where no such canonical
vector field exists, how to define this rescaling becomes unclear and ambiguous. To initiate
our discussion, we will consider the following two contact geometry set-ups in this paper:
one is the contactization of a Liouville manifold W , i.e., W × S1; the other is a closed
Liouville-fillable contact manifold M , i.e., it can be viewed as the boundary of a Liouville
domain. In the formal case, the objects in the discussion are fiberwise star-shaped domains
U ⊂ W × S1 (its definition is given in the beginning of subsection 2.2); in the later case,
the objects in the discussion are those domains constructed via contact 1-forms α on M ,
denoted by Wα (see the definition (7)). We will discuss these two cases separately.
1.2.1. dCBM between domains. For the quantitative comparison between fiberwise star-shaped
domains ofW ×S1, we will use the following key definition, which can be viewed as a rescal-
ing in this contact geometry set-up.
Definition 1.4. For a fiberwise star-shaped domain U of the contact manifold W ×S1, and
any k ∈ N, define U/k := τ−1k (U), where τk is defined as follows,
(4) τk : W × S1 →W × S1 by τk(p, t) =
(
φln kL (p), kt
)
,
for any point (p, t) ∈W × S1.
2We call a pseudo-metric space (X, d) non-trivial if there exist two elements x, y ∈ X such that d(x, y) > 0;
otherwise (X, d) is called a trivial pseudo-metric space.
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Roughly speaking, U/k not only shrinks the W -component of U , but also repeats this
W -component for k many times along the S1 factor. In particular, if U is a split domain,
i.e., U = Uˇ×S1 for some star-shaped domain Uˇ ⊂W , then U/k = τ−1k (U) = φ− ln kL (Uˇ)×S1.
Here is a more concrete example.
Example 1.5. Let W = R2n and U = B2n(R)×S1. Endow W with the standard Liouville
vector field L = 12(x∂x + y∂y) and ω =
∑n
i=1 dxi ∧ dyi = dλstd where λstd = 12
∑n
i=1 xidyi −
yidxi. Then it is easy to check that for any p = (x1, y1, ..., xn, yn) ∈W ,
φ− ln kL (p) =
(
x1√
k
,
y1√
k
, ...,
xn√
k
,
yn√
k
)
=
p√
k
.
Meanwhile, recall that B2n(R) = {p ∈ R2n |pi|p|2 < R}. Hence, by Definition 1.4, (B2n(R)×
S1)/k ' B2n(R/k)× S1, where the S1 factor on the right-hand side should be regarded as
the k-th cover of the S1 factor on the left-hand side.
Remark 1.6. One can also define the covering map τk to be τk(p, t) = (φ− ln kL (p), kt). Then,
instead of shrinking the W -component of a given fiberwise star-shaped domain U , τ−1k (U)
will amplify the W -component of U . The reason why we chose our covering map as in (4)
is that τk preserves the contact 1-form αstd = λstd + dt up to a factor k (hence, τk preserves
the contact structure of W × S1).
Remark 1.7. We emphasize that, for k < l, it is not necessarily true that U/l ⊂ U/k (but
this holds trivially if U is a split domain). For instance, if U is a 2-disk bundle over S1 = R/Z
such that for t ∈ S1 the corresponding fiber U |t is a 2-disk of the radius rt = cos(2pit) + 2.
Then U/2 is also a 2-disk bundle over S1 such that for t ∈ S1 the corresponding fiber (U/2)|t
is a 2-disk of the radius r′t =
cos(4pit)
2 + 1. Observe that when t =
1
2 , r 12 = 1 while r
′
1
2
= 32 .
Since r′1
2
> r 1
2
, U/2 is not contained in U .
Here is a contact geometric analogue of the symplectic comparison dc defined in (23).
Definition 1.8. Let U, V be two fiberwise star-shaped domains of the contact manifoldW×
S1 where W is a Liouville manifold. Define the contact Banach-Mazur distance dCBM(U, V )
between U and V as follows. First, define
(5) ρc(U, V ) = inf
{
k
l
∈ Q+
∣∣∣∣ ∃ a compactly supported contact isotopy
φ = {φt}t∈[0,1] on W × S1 s.t. φ1(U/k) ⊂ V/l
}
,
where rescaling U/k and V/l are defined in Definition 1.4. Then define
γCBM(U, V ) = max{ρc(U, V ), ρc(V,U)}.
Finally, dCBM(U, V ) = ln γCBM(U, V ) (if taking ln is applicable).
Different from the coarse symplectic Banach-Mazur distance dc, the contact Banach-
Mazur distance dCBM(U, V ) sometimes is not well-defined. The subsection 2.2 provides a
detailed discussion on this issue, which depends on (non)-squeezable domains (see Definition
2.4). Denote by NW×S1 the set of all the non-squeezable fiberwise star-shaped domains of
W × S1. The following theorem is our second main result.
Theorem 1.9. Suppose that W × S1 satisfies the condition that NW×S1 6= ∅. Then dCBM
defines a non-trivial pseudo-metric on NW×S1 . Moreover, for any compactly supported
contactomorphisms φ, ψ ∈ Cont0(W × S1) and any fiberwise star-shaped domains U, V in
NW×S1 , we have dCBM(φ(U), ψ(V )) = dCBM(U, V ).
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To justify the analogue between dCBM and dc, let us make the following observation.
Let U, V be two star-shaped domains of Liouville manifold (W,ω,L) and λ = ιLω. Any
compactly supported Hamiltonian isotopy φ = {φt}t∈[0,1] on W admits a lift as a (strict)
contact isotopy φ˜ = {φ˜t}t∈[0,1] defined on W ×S1 with respect to the contact 1-form λ+ dt.
Explicitly, for any (x, t) ∈W × S1,
(6) φ˜t(x, t) = (φt(x), (t+ ft(x)) mod 1)
where ft satisfies φ∗tλ = λ− dft. Then we have the following property.
Proposition 1.10. Let U, V be star-shaped domains of Liouville manifold (W,ω,L). Then
we have the following relation,
dCBM(U × S1, V × S1) ≤ dc(U, V ).
In particular, dCBM(U × S1, V × S1) ≤ dSBM(U, V )
Remark 1.11. It is now well-understood that the study of dc between star-shaped domains
of a Liouville manifold is more difficult than the study of dSBM since (filtered) symplectic
homology does not apply ([15], [17]). Fortunately, the relation in Proposition 1.10 provides
a new approach to study dc via dCBM. However, due to Proposition 2.5, in order to obtain
a meaningful lower bound of dc(U, V ), we need to consider those Liouville manifolds W
with certain constraints. In particular, dCBM is not applicable to the study of dc between
star-shaped domains of R2n .
The proofs of both Theorem 1.9 and Proposition 1.10 will be presented in subsection 2.2.
1.2.2. dCBM between forms. 3 This subsection discusses another version of the contact
Banach-Mazur distance. Different from the set-up in the previous subsection, this com-
parison takes place between contact 1-forms. Explicitly, let (M, ξ) be a contact manifold,
and assume that ξ is co-oriented. This contact structure ξ corresponds to a family of contact
1-forms on M . Fix a contact 1-form α0 on M , then this family can be written as an orbit
space
Oξ(α0) = {efα0 | f ∈ C∞(M,R)} := C∞(M,R) · {α0},
where the action of C∞(M ;R) on the base point {α0} is a multiplication by ef for any
f ∈ C∞(M,R). Recall that any contactomorphism φ ∈ Cont(M, ξ) satisfies φ∗ξ = ξ.
Equivalently, for any α ∈ Oξ(α0), φ∗α = egφ,αα where gφ,α is the conformal factor of φ with
respect to α. Define a partial order  on elements in Oξ(α0) as follows: α1  α2 if and only
if the corresponding functions f1 and f2 such that α1 = ef1α0 and α2 = ef2α0 satisfy the
relation f1 ≤ f2, that is, f1(p) ≤ f2(p) for any p ∈M . For any constant C ∈ R+, denote by
Cα the rescaling ef+lnCα0 if α = efα0. Then we give the following definition.
Definition 1.12. For any α1, α2 ∈ Oξ(α0), define the contact Banach-Mazur distance as
dCBM(α1, α2) := inf
{
lnC ≥ 0
∣∣∣∣∃φ ∈ Cont0(M, ξ) s.t. 1Cα1  φ∗α2  Cα1
}
.
Remark 1.13. Since the input of dCBM speaks itself in an obvious way that which version
of contact Banach-Mazur distance is in the discussion, we adopt the same notation as the
one in Definition 1.8.
3This is based on a discussion with Matthias Meiwes.
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It is easy to check that the space (Oξ(α0), dCBM) is a pseudo-metric space (see Proposition
2.8) and dCBM is Cont0(M, ξ)-invariant, i.e., dCBM(φ∗α1, ψ∗α2) = dCBM(α1, α2) for any
φ, ψ ∈ Cont0(M, ξ). Suppose that (M, ξ = kerα0) is closed and Liouville-fillable, that is,
there exists a Liouville domain (W,ω,L) such that ∂W = M , (ιLω)|M = α0 and the flow of
L is complete for t < 0. In this case, there is a geometric perspective to view any element
α ∈ Oξ(α0) (cf. Section 3.2 in [2]). Denote by (Wˆ , ω) the completion of (W,ω,L). With
respect to α0, Wˆ admits a canonical decomposition Wˆ = SM unionsq Core(W ) where SM is the
symplectization of (M, ξ = kerα0) and it can be identified with R+ × M , in coordinate
(u, x). In this coordinate W = {u ≤ 1}, M = {u = 1} and Core(W ) = {u = 0}. Let
α ∈ Oξ(α0) and assume that α = efα0 for some function f : M → R. Define
(7) Wα :=
{
(u, x) ∈ Wˆ |u < ef(x)
}
.
Observe that Wα is also a Liouville domain of (Wˆ , ω, L). Then we have another main result
as follows.
Theorem 1.14. For any α1, α2 ∈ Oξ(α0), dSBM(Wα1 ,Wα2) ≤ dCBM(α1, α2). In particular,
dc(W
α1 ,Wα2) ≤ dCBM(α1, α2).
The proof of Theorem 1.14 will be provided in subsection 2.3. We point out that
dCBM could vanish identically, without any constraint on (M, ξ). Even though one con-
siders the rescaling Cα0 (with the expectation that dCBM(Cα0, α0) = lnC), the inequality
dCBM(Cα0, α0) > 0 does not always hold. One easy example is R3 with α0 = 12(xdy −
ydx) + dz. The rescaling of α0 can be realized by a contactomorphism, which implies that
dCBM(Cα0, α0) = 0. This is in contrast with the rescaling property dc(CU,U) = lnC in the
symplectic case. For some cases, this issue can be fixed by Theorem 1.14 as demonstrated
by the following example.
Example 1.15. Suppose that (M, ξ = kerα0) is compact and Liouville-fillable, and Wα0 is
its filling. Since by definition dSBM(CU,U) = lnC, we know
(8) lnC = dSBM(CWα0 ,Wα0) = dSBM(WCα0 ,Wα0) ≤ dCBM(Cα0, α0) ≤ lnC,
which implies that dCBM(Cα0, α0) = lnC. This relation also holds for any α ∈ Oξ(α0). In
particular, dCBM is not identically zero. More generally, without the hypothesis of being
Liouville-fillable (so we only consider the symplectization of M), by the compactness of
M we know Vol({s < 1}) < ∞ where the volume Vol is taken inside (SM,ω). Then,
similarly to the argument in (8), one can also show that dCBM(Cα0, α0) = lnC simply by
the volume-preserving property of symplectomorphisms.
1.3. Results on large-scale geometry. Similarly to the main results in [34] and [35],
a driving force of introducing and studying the distances between objects in the contact
geometry set-ups is to investigate large-scale geometric properties of the spaces of such
objects with respect to the corresponding distances. The general scheme of obtaining such
properties is to establish certain stability results with respect to some algebraic obstructions,
which can provide large gaps and also serve as the lower bound of the distances in our
discussion. Here are our main results in this direction.
For dCBM between domains, we will use the contact shape invariant ([9]) of split domains
U × S1 of W × S1 to provide a meaningful lower bound of dCBM. For two subsets A,B of
Rn containing 0 ∈ Rn, define δ(A,B) := inf{C > 1 | 1C ·A ⊂ B ⊂ C ·A}. Then we have the
following stability result.
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Theorem 1.16. Let W = T ∗Tn, and U = Tn × AU and V = Tn × AV , where AU , AV are
subsets of Rn containing 0 ∈ Rn. Then
δ(AU , AV ) ≤ dCBM(U × S1, V × S1).
A brief background of contact shape invariant, as well as its key properties in the set-up
in this paper, will be recalled and demonstrated in subsection 2.4. Denote by S(T ∗Tn)
the set of all the star-shaped domains of T ∗Tn. Then Lemma 1.10 and Theorem 1.16
imply the following large-scale geometric property of the pseudo-metric space (S(T ∗Tn), dc).
(cf. Remark 1.11).
Corollary 1.17. If n ≥ 2, then for any k ∈ N, there exists an embedding Ψk : (Rk, | · |∞)→
(S(T ∗Tn), dc) and a constant C > 1 such that for any v, w ∈ Rk,
1
2
|v − w|∞ ≤ dc(Ψk(v),Ψk(w)) ≤ C|v − w|∞.
In other words, Ψk is a quasi-isometric embedding for any k ∈ N.
Remark 1.18. When n = 1, the real dimension of T ∗S1 is two, which implies that the
only symplectic invariant of the star-shaped domains of T ∗S1 is just the area. Therefore,
the conclusion in Corollary 1.17 does not hold in this case, and then the hypothesis n ≥ 2
in Corollary 1.17 is necessary.
Remark 1.19. Another proof of Corollary 1.17, using the symplectic shape invariant
(cf. (29)), will appear in a forthcoming work [17], where the coarse symplectic Banach-
Mazur distance dc considered in [17] is slightly more general than the one defined in (23).
The way that proves Corollary 1.17 in this paper via Theorem 1.16 can be viewed as a
refinement of the argument in [17]. As a matter of fact, [17] proves the same conclusions as
in Corollary 1.17 for T ∗(Tn ×N), where n ≥ 2 and N is any closed manifold.
The proofs of both Theorem 1.16 and Corollary 1.17 will be presented in subsection 2.4.
For dCBM between forms, based on the main results in [34] and [35] where the algebraic
obstructions were obtained from persistence modules theory ([26]), very different from the
application of the contact shape invariant above, we obtain the following result.
Theorem 1.20. Let (M, ξ = kerα0) be either (S2n−1, ξstd = kerαstd) where n ≥ 2 or
(S∗gΣ≥1, ξcan = kerαcan) where S∗gΣ≥1 denotes the unit co-sphere bundle over an oriented
surface Σ≥1 of genus at least 1. Then for any N ∈ N, there exists a quasi-isometric embed-
ding from (RN , | · |∞) into (Oξ(α0), dCBM) where α0 = αstd or α0 = αcan, respectively.
Proof. Since both (S2n−1, ξ = kerαstd) and (S∗gΣ≥1, ξ = kerαcan) are compact and Liouville-
fillable, the desired conclusion directly comes from Theorem 1.5 in [35] and Theorem 1.11
in [34] for two different situations in the hypothesis respectively, together with the stability
result Theorem 1.14 above. 
Remark 1.21. On the one hand, the conclusion in Theorem 1.20 seems not surprising since
as a set the space Oξ(α0) is identified with the space C∞(M,R), which tends to be large. On
the other hand, the condition in the definition of dCBM in Definition 1.12 can be rewritten
in terms of functions. Explicitly, assume that α1 = ef1α0 and α2 = ef2α0, then it is easy to
check that the relation (1/C)α1  φ∗α2  Cα1 is equivalent to
(9) f1 − lnC ≤ f2 ◦ φ+ gφ,α0 ≤ f1 + lnC,
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where gφ,α0 is the conformal factor of φ with respect to α0. Due to the existence of gφ,α0 in
the comparison (9) which depends on φ, seeking for the optimal C in (9), i.e., the value of
dCBM, becomes non-trivial at all.
1.4. Special properties of contact isotopies. There are two more special parts in this
paper, which take advantages of two particular properties of contact isotopies. (1) Fix a
contact 1-form, then a contact isotopy admits a unique contact Hamiltonian function. Based
on the construction in [8] and [10], this contact Hamiltonian function can be used to transfer
this contact isotopy to a fiberwise star-shaped domain U ⊂W ×S1, which lies exactly in our
interest from the discussion above. (2) A contact isotopy of a contact manifoldM lifts to a 1-
homogenous symplectic Hamiltonian isotopy of the symplectization ofM . WhenM = S∗gX,
the unit co-sphere bundle of a manifold X, the groundbreaking work in [14] associates to
such a 1-homogenous symplectic Hamiltonian isotopy an element in the derived category
of sheaves of modules over X × X × I, called the sheaf quantization. The following two
subsections will discuss several related results in these two directions.
1.4.1. From dynamics to geometry. Let (M, ξ) be a closed contact manifold. Recall that−→
G = PCont+(M, ξ)/∼ where φ ∼ ψ if and only if φ1 = ψ1 and they are homotopic with
fixed endpoints through positive paths in PCont+(M, ξ). Consider an element [φ] ∈ −→G .
Due to Lemma 3.1.A in [8], there exists a representative of the class [φ] which is 1-periodic
and denote by φ = {φt}t∈S1 where S1 = R/Z. Fix a contact 1-form α, and denote by
h(t, x) : S1 ×M → R the contact Hamiltonian function of φ. From the discussion above,
it lifts to a 1-homogenous (symplectic) Hamiltonian function H(s, t, x) = s · h(t, x) on
symplectization SM × S1. Assume that (M, ξ) is Liouville-fillable and denote by W its
filling, and by Wˆ the completion of W . Suggested by [10], consider the following subset of
Wˆ × S1,
(10) U(φ) = {(s, t, x) ∈ SM × S1 |H(s, t, x) < 1} ∪ (Core(Wˆ )× S1).
It is easy to check that U(φ) is a star-shaped domain of Liouville manifold Wˆ × S1. More
explicitly, since h(t, x) > 0 for any (t, x) ∈ S1×M , due to the compactness ofM , there exist a
global minimum and a global maximum of h(t, x), denote bym− andm+, respectively. Both
m− and m+ are positive. The condition in (10) H(s, t, x) < 1 is equivalent to h(t, x) < 1s .
Therefore, if s ≥ 1m− , then U(φ)|s = ∅, and if s ≤ 1m+ , the U(φ)|s = S1 × M . One
standard example of this construction is that M = S2n−1, the standard sphere of R2n and
φ = {φt}t∈[0,1] = {e2piitz}t∈[0,1] the 1-periodic Reeb flow on S2n−1. The corresponding
contact Hamiltonian function is pi|z|2, and then U(φ) = B2n(1) × S1 ⊂ R2n × S1. One
can modify the speed of the Reeb flow to adjust the radius of the ball. One important
observation is that an autonomous positive contact isotopy, i.e., the contact Hamiltonian
function is independent of t ∈ S1, corresponds to a split fiberwise star-shaped domain of
Wˆ × S1.
Due to Lemma 1.21 in [10], the construction in (10) is in fact well-defined for the class
[φ] ∈ −→G , up to an ambient contactomorphism in Cont0(Wˆ × S1). We use the notation
U([φ]) to denote the equivalence class of the fiberwise star-shaped domains in Wˆ × S1
up to contactomorphisms. Suppose that (M, ξ) is orientable. Given two [φ], [ψ] ∈ −→G ,
on the one hand, due to (1.1) and definition (1), we can compare them via the relative
growth rate γ≥+([φ], [ψ]) with respect to the bi-invariant partial order ≥+ defined in (3);
on the other hand, by passing to the corresponding fiberwise star-shaped domains in Wˆ ×
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S1 defined in (10), one can also compare them via the contact Banach-Mazur distance in
Definition 1.8, i.e., dCBM(U([φ]), U([ψ])). Due to the second conclusion of Proposition 1.9,
the value dCBM(U([φ]), U([ψ])) is well-defined. The following theorem shows that these two
approaches are related, and its proof will be given in subsection 2.5.
Theorem 1.22. Let (M, ξ) be a compact and Liouville-fillable contact manifold, and Wˆ
be the completion of its filling. Suppose that NWˆ×S1 6= ∅ and denote by
−→
G the semi-group
of the equivalence classes of positive contact isotopies on (M, ξ). Then for any [φ], [ψ] ∈ −→G ,
we have
d≥+([φ], [ψ]) ≥ dCBM(U([φ]), U([ψ])),
where [φ], [ψ] are the equivalence classes of fiberwise star-shaped domains in NWˆ×S1 up to
contactomorphisms.
Remark 1.23. Consider the following subset of
−→
G ,
−→
A := {[φ] ∈ −→G |φ is an autonomous contact isotopy}.
(1) For any [φ] ∈ −→A , as mentioned above, U([φ]) is a split domain up to a contactomor-
phism of Wˆ × S1. Then the right hand side of the conclusion in Theorem 1.22 reduces to
dCBM(U × S1, V × S1) for some star-shaped domains U, V of Wˆ . Then, for certain contact
manifolds, e.g., M = S∗g (Tn × N) with n ≥ 2 and any closed manifold N , the proof of
Corollary 1.17 (also see Remark 1.19) implies a large-scale geometric property of (
−→
A, d≥+),
and then also of (
−→
G, d≥+). More explicitly, both (
−→
A, d≥+) and (
−→
G, d≥+) contain an image
of a quasi-isometric embedding of an arbitrarily large dimensional Euclidean space. In the
case where M = S∗gTn with n ≥ 2, a large-scale geometric property of (
−→
A, d≥+) can also
be obtained by Theorem 1.7.F in [8] together with Corollary 1.2 above. It seems to us that
these two approaches do not coincide, essentially because the way that we use the contact
shape invariant in this paper is different from [8].
(2) The way that we obtain the large-scale geometric property of (
−→
A, d≥+) elaborated
in (1) above can be regarded as an analogue of the proof of the main result, Theorem 1.1,
in Usher’s work [36], where it proves that, when the symplectic manifold (M,ω) satisfies a
certain condition, the group Ham(M,ω) contains an image of a quasi-isometric embedding
of an infinite-dimensional Euclidean space. From the construction of the quasi-isometric
embedding in [36], this large-scale geometric property in fact holds for the subset of all
the autonomous Hamiltonian diffeomorphisms (i.e., generated by autonomous Hamiltonian
functions).
On the other hand, for certain symplectic manifolds (M,ω), Polterovich-Shelukhin’s work
[27] (and also [37]) provides another method that obtains a large-scale geometric property of
Ham(M,ω), which goes beyond the scope of automorphism Hamiltonian diffeomorphisms.
More explicitly, it finds a sequence of non-autonomous Hamiltonian diffeomorphisms whose
Hofer distances dHofer from the set of autonomous Hamiltonian diffeomorphisms go to infin-
ity. Therefore, an analogue and also interesting question in our contact set-up is whether
there exists a sequence of non-split equivalence classes of fiberwise star-shaped domains in
Wˆ × S1 (i.e., not a split domain up to any contactomorphisms) such that their contact
Banach-Mazur distances dCBM from the set of all split equivalence classes can be large. To
this end, one needs to understand how to use obstructions (for instance, the contact shape
invariant applied in this paper) to effectively distinguish non-split and split equivalence
classes. This certainly deserves some further development.
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1.4.2. Algebraic distance between sheaves. Let k be a fixed ground field, and X be a closed
manifold. Denote by Db(kX×X×I) the bounded derived category of sheaves of k-modules
over X × X × I where I is an interval of R containing 0. The sheaf convolution denoted
by “ ◦ |I” (see (1.13) in [14] or subsection 2.6 below) provides a well-defined bi-operator on
Db(kX×X×I). Moreover, the derived category Db(kX×X×I) contains a subcategory denoted
by Dbadm(kX×X×I) consisting of those objects which, roughly speaking, admit its inverse un-
der the sheaf convolution. Recall that the singular support of an element F ∈ Db(kX×X×I),
denoted by SS(F), is a conical subset of T ∗(X ×X × I) = T ∗X × T ∗X × T ∗I. We will be
mainly interested in the T ∗I-component where (r, τ) denotes the coordinates. We use the
notation T ∗{τ≤0}(X ×X × I) to denote the subset of T ∗(X ×X × I) where the co-vector τ
satisfies the condition that τ ≤ 0.
Definition 1.24. For F ,G ∈ Db(kX×X×I), define the relation ≥s between F and G by
F ≥s G if and only if SS(F−1 ◦ |IG) ⊂ T ∗{τ≤0}(X ×X × I).
We call F a dominant if, for any G ∈ Db(kX×X×I), there exists some k ∈ N (depending on
G) such that such that Fk ≥s G, where Fk := F ◦ |I ◦ · · · ◦ |I ◦ F for k many F . The set of
all the dominants in Db(kX×X×I) is denoted by Dbdom(kX×X×I).
For brevity, denote by Dbadm∩dom(kX×X×I) := Dbadm(kX×X×I) ∩ Dbdom(kX×X×I). Recall
that PCont+(M, ξ) denotes the set of all the positive path of contactomorphisms of (M, ξ)
starting at 1. Then we have the following main result, and its proof will be given in
subsection 2.6.
Theorem 1.25. The relation ≥s defined in Definition 1.24 is a partial order on the subcat-
egory Dbadm(kX×X×I). Moreover, ifM = S∗gX, the unit co-sphere bundle with the canonical
contact structure ξ, then there exists a monotone decreasing embedding
(11) σ : (PCont+(M, ξ), d≥o)→ (Dbadm∩dom(kX×X×I), d≥s),
where d≥o and d≥s are the pseudo-metrics induced by the partial order ≥o and ≥s respec-
tively via the relative growth rate as constructed in (2).
Not surprisingly, the embedding in Theorem 1.25 is given by the sheaf quantization from
[14] or Example 2.15 in subsection 2.6, which associates to a contact isotopy φ a unique (up
to isomorphism) element Kφ ∈ Dbadm(kX×X×I), but the proof that the relation ≥s defined in
Definition 1.24 is a partial order heavily depends on certain particular properties of singular
supports (see Proposition 2.13 and Proposition 2.14).
Discussion. Let us end this subsection with the following discussion. Let I = [0, 1]. By
Proposition 4.3 in [38], when M = S∗gX for some metric g on X, there exists a well-defined
embedding
(12) [σ] : C˜ont0(M, ξ)→ Dbadm(kX×X×I)/ ∼,
which can be regarded as a homotopy version of the embedding in (11), on the level of
sets instead of the pseudo-metric spaces. Here, for F ,G ∈ Dbadm(kX×X×I), the equivalence
relation ∼ between F and G is defined as follows: F ∼ G if and only if (i) F|t=1 ' G|t=1 and
(ii) there exists Θ ∈ Dbadm(kX×X×I×I), where the t denotes the coordinate of the first I and
s denotes the coordinate of the second I, such that Θ|s=0 = F and Θ|s=1 = G. We call F is
homotopic to G if the second condition (ii) is satisfies. What Proposition 4.3 in [38] essentially
proves is that if φ is homotopic to ψ through contact isotopies, then, Kφ|t=1 = Kψ|t=1, and
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there exists a homotopy of sheaves as above in Dbadm(kX×X×I) from Kφ to Kψ. In other
words, Kφ ∼ Kψ. The proof of this is similar to the proof of the uniqueness of the sheaf
quantization, which eventually comes from the fact that I is contractible (so I × I is also
contractible). The embedding in (12) is then given by σ : [φ] 7→ [Kφ].
LetM = S∗gX and ξcan be the canonical contact structure onM . We call the subcategory
Dbadm(kX×X×I)/ ∼ orderable if the partial order ≥s descends to a well-defined partial order
to Dbadm(kX×X×I)/ ∼. The following glossary summarizes the correspondences between the
elements from contact geometry and the elements from derived category.
C (= contact geometry) D (= derived category)
1 φ, φ−1, 1 Kφ, K−1φ , k∆×I
2 φ ∼ ψ Kφ ∼ Kψ
3 PCont0(M, ξ) Dbadm(kX×X×I)
4 PCont+(M, ξ) Dbadm∩dom(kX×X×I)
5 C˜ont0(M, ξ) Dbadm(kX×X×I)/ ∼
6 ≥o on PCont0(M, ξ) ≥s on Dbadm∩dom(kX×X×I)
7 (M, ξcan) is orderable Dbadm(kX×X×I)/ ∼ is orderable
8
any non-negative contractible
loop of contactomorphisms of
(M, ξcan) is trivial
Conjecture 1.26
Some explanations are in order. The correspondence between 1C and 1D are given by
the sheaf quantization from [14], which yields an embedding from 3C to 3D (as well as an
embedding from 4C to 4D as in Theorem 1.25). Meanwhile, as elaborated above, 2C implies
2D due to Proposition 4.3 in [38], which yields an embedding from 5C to 5D as in (12). The
partial order ≥o in 6C is the standard partial order defined in [8], which will be elaborated
in details in subsection 2.1, while the relation ≥s in 6D is the partial order defined and
confirmed in Definition 1.24 and Theorem 1.25, respectively. Due to Proposition 2.1.A in
[8], 7C and 8C are equivalent. The 8D, formulated as Conjecture 1.26 below, can be viewed
as a sheaf-version of 8C. Moreover, following the same idea as in the proof of Proposition
2.1.A in [8], one can easily show that 7D and 8D are equivalent. As a matter of fact, since
M = S∗gX, [4] proves that 7C indeed holds (thus 8C also holds). Proving 7C is not directly
via 8C; instead, the proof in [4] requires more advanced machinery. On the other hand, it
is unknown to us that the corresponding 7D (thus also 8D) holds. Since [14] also proves 7C
from a perspective of the sheaf quantization, we expect that the proof of Theorem 4.13 in
[14], in particular some homotopy version of its Proposition 4.8, can be helpful.
Conjecture 1.26. Suppose that F ∈ Dbadm(kX×X×I) satisfies the conditions (i) F|t=1 =
k∆, (ii) SS(F) ⊂ T ∗{τ≤0}(X ×X × I) and (iii) F is homotopic to k∆×I . Then F ' k∆×I .
Recall that G+ is defined in (13), the set of all dominants in C˜ont0(M, ξ). Assume that
Conjecture 1.26 holds, then the following result is immediate.
Corollary 1.27 (Assume Conjecture 1.26). The embedding defined in (12) restricts to a
monotone decreasing embedding [σ] : (G+, d≥o) → (Dbadm∩dom(kX×X×I)/ ∼, d≥s), where
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d≥o and d≥s are the pseudo-metrics induced from the corresponding relative growth rates
of the partial orders d≥o and d≥s , respectively.
2. Proofs
In this section, we will provide the necessary background of the concepts appeared in the
main results in the introduction, and their detailed proofs will also be presented.
2.1. Proof of Theorem 1.1. First, let us recall some standard background on the (non)-
orderability of contact manifolds ([8]). Let (M, ξ) be a closed contact manifold with a co-
oriented contact structure. Denote by PCont0(M, ξ) the set of paths of contactomorphisms
on (M, ξ) which are parametrized by [0, 1] and start from 1. Each element in PCont0(M, ξ)
is called a contact isotopy. Fix a contact 1-form α ∈ Ω1(M), then each contact isotopy φ =
{φt}t∈[0,1] ∈ PCont0(M, ξ) is generated by a unique contact Hamiltonian function hα(φ) :
[0, 1]×M → R. We call φ positive (or non-negative) if the corresponding hα(φ) is pointwisely
positive (or non-negative). Observe that being positive (or non-negative) is independent
of the choice of the contact 1-forms. Denote by SM = R+ × M the symplectization of
(M, ξ) and s denotes its R+-coordinate, then a contact Hamiltonian function hα(φ) lifts to
a 1-homogenous (symplectic) Hamiltonian function Hα(φ) = s · hα(φ) with respect to the
symplectic structure ω = d(spi∗Mα) on SM , where piM : SM →M is the projection onto M .
Now, consider C˜ont0(M, ξ) defined by PCont0(M, ξ)/∼, where, for two elements φ, ψ ∈
PCont0(M, ξ), φ ∼ ψ if and only if φ1 = ψ1 and they are homotopic with fixed endpoints
through elements in PCont0(M, ξ). We call an element [φ] ∈ C˜ont0(M, ξ) positive (or non-
negative) if it admits a positive (or non-negative) representative. Due to Criterion 1.2.C
in [8], a contact manifold (M, ξ) is non-orderable if [1] ∈ C˜ont0(M, ξ), otherwise (M, ξ)
is orderable. A standard example of a non-orderable contact manifold is (S2n−1, ξstd) for
n ≥ 2, and a standard example of an orderable contact manifold is (S∗gX, ξcan), the unit
co-sphere bundle of a closed manifold X with respect to a fixed Riemannian metric g on X
(see Corollary 9.1 in [4]).
When (M, ξ) is orderable, for brevity denote G := C˜ont0(M, ξ) and
(13) G+ := {[φ] ∈ G | [φ] is positive}.
It is readily to check that this G can be endowed with a partial order ≥ defined as follows.
Fix any contact 1-form α on M . For any two elements [φ], [ψ] ∈ G, define
(14) [φ] ≥o [ψ] if and only if hα(φ) ≥ hα(ψ) pointwisely
for some representatives (without loss of generality, again denoted by) φ and ψ of [φ] and
[ψ], respectively (see Proposition 1.4.B in [8]). This condition is equivalent to the condition
that their (symplectic) Hamiltonian lifts satisfy Hα(φ) ≥ Hα(ψ) pointwisely on [0, 1]×SM .
Note that the partial order ≥o is also bi-invariant under the group structure of G. Moreover,
in terms of ≥o, elements in G+ defined in (13) are exactly the dominants of G. The relative
growth rate γ≥o([φ], [ψ]) is studied in ([8]), and (G+, d≥o) is a pseudo-metric space, where
d≥o is defined as in (2). Recall that the relation ≥+ is defined in (3) between elements in
the equivalence classes of positive paths from
−→
G . Now, we are ready to give the proof of
Theorem 1.1.
Proof of Theorem 1.1. The reflexive property of the relation ≥+ is obvious. Let us show
the transitive property. Take [φ], [ψ], [θ] ∈ −→G , and assume that [φ] ≥+ [ψ] and [ψ] ≥+ [θ].
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Then [φ] ≥+ [θ] if [φ] = [ψ] or [ψ] = [θ]. Otherwise, there exist [ξ], [ζ] ∈ −→G such that
[φ] = [ψ][ξ] and [ψ] = [θ][ζ]. Then [φ] = [θ]([ζ][ξ]) where [ζ][ξ] ∈ −→G , which implies that
[φ] ≥+ [θ] by definition. Now, let us show the anti-symmetric property. For [φ], [ψ] ∈ −→G , if
[φ] ≥+ [ψ] and [ψ] ≥+ [φ], then by the same argument as above, either [φ] = [ψ] (then we
obtain the desired conclusion) or there exists some non-trivial element [θ] ∈ −→G such that
[φ] = [φ][θ]. Therefore, if [φ] 6= [ψ], then pi([φ]) = pi([φ])pi([θ]), where pi : −→G → C˜ont0(M, ξ)
is the canonical projection. Since C˜ont0(M, ξ) is a group, then one gets pi([θ]) = 1. This
contradicts our hypothesis that (M, ξ) is orderable.
In order to prove the bi-invariant property, observe that [φ] ≥+ [ψ] if and only if [φ] = [ψ]
or [φ] = [ξ][ψ] (left multiplication) for some [ξ] ∈ −→G . In fact, if [φ] = [ψ], then nothing
needs to be proved. If [φ] 6= [ψ], then there exists some [θ] ∈ −→G such that [φ] = [ψ][θ]. Now,
consider path {ξt}t∈[0,1] := {ψ1θtψ−11 }t∈[0,1], and we claim that {ξtψt}t∈[0,1] ∼ {ψtθt}t∈[0,1].
Then denote by ξ = {ξt}t∈[0,1], we know that [φ] = [ψ][θ] = [ξ][ψ]. To prove our claim,
similarly to the proof of the formula (84) in [10], consider new paths
ψ′t =
{
ψ2t for t ∈ [0, 1/2]
ψ1 for t ∈ [1/2, 1]
and θ′t =
{
1 for t ∈ [0, 1/2]
θ2t−1 for t ∈ [1/2, 1]
.
Then {ψt}t∈[0,1] is homotopic with fixed endpoints to {ψ′t}t∈[0,1], and {θt}t∈[0,1] is homo-
topic with fixed endpoints to {θ′t}t∈[0,1]. Meanwhile, all the intermediate paths, i.e., ex-
cept {ψ′t}t∈[0,1] and {θ′t}t∈[0,1] themselves, can be chosen to be positive. Moreover, for any
t ∈ [0, 1], ψ′tθ′t = ψ1θ′tψ−11 ψ′t. Therefore, by a “smooth the corner” argument, we obtain the
desired homotopy. Next, for [φ], [ψ] ∈ −→G such that [φ] ≥+ [ψ] and for any [ζ] ∈ −→G , by
definition, either [ζ][φ] = [ζ][ψ] or [ζ][φ] = [ζ][ψ][θ] for some [θ] ∈ −→G , which implies that
[ζ][φ] ≥+ [ζ][ψ]. On the other hand, using the claim above, [φ] ≥+ [ψ] implies that either
[φ] = [ψ] or [φ] = [ξ][ψ] for some [ξ] ∈ −→G . Then either [φ][ζ] = [ψ][ζ] or [φ][ζ] = [ξ][ψ][ζ],
which also implies that [φ][ζ] ≥+ [ψ][ζ].
Finally, let us show the monotonicity of the projection pi :
−→
G → C˜ont0(M, ξ). For
[φ], [ψ] ∈ −→G such that [φ] ≥+ [ψ], if [φ] = [ψ], then there is nothing to prove. If [φ] 6= [ψ],
then [φ] = [ψ][θ] for some [θ] ∈ −→G . Fix a contact 1-form α on M . Assume [ψ] is represented
by a positive path ψ = {ψt}t∈[0,1], and [θ] is represented by a positive path θ = {θ}t∈[0,1].
Denote by hα(ψ) and hα(φ) the positive contact Hamiltonian functions. Note that the
representatives of a class in
−→
G are also representatives of its image under pi in C˜ont0(M, ξ).
Therefore, for pi([φ]), one can choose the representative {ψtθt}t∈[0,1]. One can easily check
that the corresponding contact Hamiltonian functions satisfy hα(ψθ) = hα(ψ) + (egα(ψ) ·
hα(θ)) ◦ ψ−1t , where gα(ψ) is the conformal factor of ψ with respect to α. By the positivity
of hα(θ), we know hα(ψθ) ≥ hα(ψ) pointwisely, and then pi([φ]) ≥+ pi([ψ]) by (14). 
When (M, ξ) is non-orderable, we claim that there does not exist such an analogue result as
in Theorem 1.1. Recall that the condition (M, ξ) is non-orderable is equivalent to 1 ∈ pi(−→G),
where pi :
−→
G → C˜ont0(M, ξ) is the natural projection. Denote by −→G0 = pi−1(1). There is
an interesting observation from Corollary 6.6 in [10] that
−→
G0 contains a unique “stable”
elements denoted by θst in that sense that any element θ ∈ −→G0 admits a power N ∈ N such
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that θN = θst. This makes the structure of
−→
G delicate. Consider the following subset of
−→
G ,
(15) Γ = {x ∈ −→G |xθst = x}.
The partial order ≥+ defined in (3) does not apply to −→G , but, due to (iv) in Proposition
6.10, it does define a genuine partial order on
−→
G\Γ. Note that −→G\Γ is not always empty
(see Proposition 6.13 in [10] for the case where (M, ξ) = (S2n−1, ξstd) and n ≥ 2). However,
we observe that the relative growth rate is not well-defined on
−→
G\Γ mainly due to (iii) in
Proposition 6.9 in [10]. Explicitly,
−→
G is an epigroup with respect to Γ in the sense that
every element x ∈ −→G admits a power N ∈ N such that xN ∈ Γ. Therefore, −→G\Γ is not
even closed under the semi-group multiplication of
−→
G . If one wants to relax the discussion
of ≥+ to the entire −→G , then we claim that the relative growth rate γ≥+ ≡ 0, so d≥+ is still
not well-defined. In fact, for any sufficiently large k ∈ N such that xk ∈ Γ, we can take an
arbitrarily large l ∈ N such that yl ∈ Γ. Then, by (ii) in Proposition 6.10 in [10], xk ≥ yl.
Therefore, ρ+≥+(x, y) = 0. Similarly, ρ
−
≥+(y, x) = 0, which implies that the relative growth
rate γ≥+(x, y) = 0.
In this subsection, we also want to provide a useful observation of the relation ≥o. Explic-
itly, on an orderable contact manifold, the relative growth rate derived from the partial order
≥o is closely related to certain norms on G. Recall that (see Remark 7 in [31]) a pseudo-norm
ν defined on a group G is called quasi-conjugate invariant if for each b ∈ G, there exists a
constant C(b) such that ν(bab−1) ≤ C(b) · ν(a) for any a ∈ G. Let G = C˜ont0(M, ξ) and
G+ be the subset defined in (13) above. For any [φ] ∈ G+ and any [ψ] ∈ G, define
(16) ν+[φ]([ψ]) := min{k ∈ Z | [φ]k ≥o [ψ]},
and
(17) ν−[φ]([ψ]) := max{l ∈ Z | [ψ] ≥o [φ]l}.
Then define
(18) ν[φ]([ψ]) := max
{
|ν+[φ]([ψ])|, |ν−[φ]([ψ])|
}
.
We have the following proposition.
Proposition 2.1. Let (M, ξ) be a closed orderable contact manifold, G = C˜ont0(M, ξ) and
G+ be defined in (13). Then we have the following two properties.
(a) For any element [φ] ∈ G+, the function ν[φ] : G → R defines a quasi-conjugate
invariant norm on G.
(b) For any [ψ] ∈ G, the stabilization of ν[φ]([ψ]) satisfies the following relation,
(19) lim
`→∞
ν[φ]([ψ]
`)
`
= max
{
|ρ+≥o([φ], [ψ])|, |ρ+≥o([φ], [ψ]−1)|
}
,
where ρ+≥o is defined as in (1) with respect to the partial order ≥o on G.
Remark 2.2. When [φ] ∈ G+ is a homotopy class represented by a loop, ν[φ] is in fact a
conjugate-invariant norm. This easily comes from the fact that any [φ] ∈ pi1(Cont(M, ξ),1)
lies in the center of G. Then, by the bi-invariant property of the partial order ≥o, both ν+[φ]
and ν−[φ] are conjugate-invariant. If, furthermore, when [φ] is represented by a 1-periodic
Reeb flow (if it exists), then the definition (16) and (17) are the functions ν+ and ν− defined
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in subsection 2.2 in [12]. Therefore, the item (a) in Proposition 2.1 can be regarded as a
generalization of Theorem 2.15 in [12].
Remark 2.3. Let G be a group endowed with a norm ν. Recall that (see subsection
1.3 in [25]) an element g ∈ G is called undistorted with respect to ν if the stabilization
lim`→∞
ν(g`)
` > 0, otherwise it is called distorted with respect to ν. In general, it is difficult to
determine whether an element is (un)distorted or not. The relation (19) in (b) in Proposition
2.1 implies that an element [ψ] ∈ G is undistorted with respect to ν[φ] if and only if at least
one of ρ+≥o([φ], [ψ]) and ρ
+
≥o([φ], [ψ]
−1) is non-zero. For instance, if [ψ] or [ψ]−1 is in G+, then
due to the inequality (1.1.A) in [8], ρ+≥o([φ], [ψ]) 6= 0 or ρ+≥o([φ], [ψ]−1) 6= 0. This implies the
undistortedness of [ψ] or [ψ]−1 with respect to ν[φ].
Proof of Proposition 2.1. Let us prove (a) first. The value of ν[φ] is obviously non-negative.
Moreover, if ν[φ]([ψ]) = 0, then ν+[φ]([ψ]) = 0 and ν
−
[φ]([ψ]) = 0, which implies that 1 ≥o
[ψ] ≥o 1. Then by the reflexivity of the partial order ≥o, we know that [ψ] = 1. Therefore,
ν[φ] is non-degenerate. Now, for [ψ]−1,
ν+[φ]([ψ]
−1) = min{k ∈ Z | [φ]k ≥o [ψ]−1}
= min{k ∈ Z | [ψ] ≥o [φ]−k}
= min{−l ∈ Z | [ψ] ≥o [φ]l} (set l = −k)
= −max{l ∈ Z | [ψ] ≥o [φ]l} = −ν−[φ]([ψ]),
where the second equality comes from the fact that the partial order ≥o is bi-invariant.
Similarly, one can show that ν−[φ]([ψ]
−1) = −ν+[φ]([ψ]). Therefore,
ν[φ]([ψ]
−1) = max
{
|ν+[φ]([ψ]−1)|, |ν−[φ]([ψ]−1)|
}
= max
{
| − ν−[φ]([ψ])|, | − ν+[φ]([ψ])|
}
= ν[φ]([ψ]).
Now, observe that, for any σ ≥ 0,
(20) ν[φ]([ψ]) ≤ σ if and only if [φ]σ ≥o [ψ] ≥o [φ]−σ.
This comes from definitions (16) and (17), as well as the fact that ν−[φ] ≤ ν+[φ] (by the
transitivity of the partial order ≥o). Next, for [ψ1], [ψ2] ∈ G, denote by σ1 = ν[φ]([ψ1]) and
σ2 = ν[φ]([ψ2]). By (20), [φ]σ1 ≥o [ψ1] ≥o [φ]−σ1 and [φ]σ2 ≥o [ψ2] ≥o [φ]−σ2 . Then
[φ]σ1+σ2 ≥o [ψ1][ψ2] ≥o [φ]−(σ1+σ2).
Therefore, ν[φ]([ψ1][ψ2]) ≤ σ1 + σ2 = ν[φ]([ψ1]) + ν[φ]([ψ2]). Thus, we conclude that ν[φ] is a
norm.
Now, fix an element [µ] ∈ G, and consider ν[φ]([µ][ψ][µ]−1). By definition,
ν+[φ]([µ][ψ][µ]
−1) = min{k ∈ Z | [φ]k ≥o [µ][ψ][µ]−1}
= min{k ∈ Z | [µ]−1[φ]k[µ] ≥o [ψ]}
= min{k ∈ Z | ([µ]−1[φ][µ])k ≥o [ψ]} = ν+[µ]−1[φ][µ]([ψ]).
A similar conclusion holds for ν−[φ]([µ][ψ][µ]
−1). Therefore, ν[φ]([µ][ψ][µ]−1) = ν[µ]−1[φ][µ]([ψ]).
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Next, fix a contact 1-form α on M . Assume that ν[φ]([ψ]) = σ, then the relation (20)
follows, which implies that there exist a representative φ(σ) of [φ]σ (so (φ(σ))−1 is a repre-
sentative of [φ]−σ) and representatives ψ′, ψ′′ of [ψ] such that their corresponding contact
Hamiltonian functions satisfy the relations
hα(φ
(σ)) ≥ hα(ψ′) and hα(ψ′′) ≥ hα((φ(σ))−1).
We can assume that hα(φ(σ)) > 0 since [φ] ∈ G+, and then hα((φ(σ))−1) < 0. Choose any
representative µ of [µ], then µ−1φ(σ)µ represents the class [µ]−1[φ]σ[µ]. Denote by gα(µ)
the conformal factor of the path µ under the contact 1-form α, one can easily check that
the contact Hamiltonian function of the path µ−1φ(σ)µ is e−gα(µ)(hα(φ(σ)) ◦ µ), which is, in
particular, positive. Due to Lemma 3.1.A in [8], there exists a representative of [µ]−1[φ]σ[µ]
such that the corresponding contact Hamiltonian function, denoted by fµ(t, x), is 1-periodic
and positive. Meanwhile, denote the contact Hamiltonian function of µ−1(φ(σ))−1µ by
fµ(t, x) which is 1-periodic and negative. Meanwhile, we can modify hα(ψ′) near t = 0, 1
to be h˜α(ψ′) such that h˜α(ψ′) = 0 near t = 0, 1 and h˜α(ψ′) still generates a representative
of the class [ψ′]. Therefore, we can regard h˜α(ψ′) as a function defined on R/Z ×M (by
identifying the endpoints t = 0, 1). The same conclusion holds for hα(ψ′′), and denote by
h˜α(ψ
′′) the modified function defined on R/Z×M .
By the positivity of fµ(t, x) and the negativity of fµ(t, x), there exists a sufficiently large
constant C > 1, which only depends on [φ] and [µ], such that for any (t, x) ∈ R/Z×M ,
(Cegα(µ)) · fµ(t, x) ≥ max
(t,x)∈R/Z×M
h˜α(ψ
′),
and
min
(t,x)∈R/Z×M
h˜α(ψ
′′) ≥ (Cegα(µ)) · fµ(t, x).
Denote by C(µ) :=
⌈
Cegα(µ)
⌉
. We know that C(µ) · fµ(C(µ)t, x) generates a representative
of ([µ]−1[φ]σ[µ])C(µ) = ([µ]−1[φ][µ])C(µ)σ, and C(µ) · fµ(C(µ)t, x) ≥ h˜α(ψ′) pointwisely on
R/Z ×M . Therefore, ([µ]−1[φ][µ])C(µ)σ ≥o [ψ]. Similarly, C(µ) · fµ(C(µ)t, x) generates a
representative of ([µ]−1[φ]−σ[µ])C(µ) = ([µ]−1[φ][µ])−C(µ)σ, and h˜α(ψ′′) ≥ C(µ) ·fµ(σ(µ)t, x)
pointwisely on R/Z×M . Therefore, [ψ] ≥o ([µ]−1[φ][µ])−C(µ)σ. Together, we get
([µ]−1[φ][µ])C(µ)σ ≥o [ψ] ≥o ([µ]−1[φ][µ])−C(µ)σ.
Therefore,
ν[φ]([µ][ψ][µ]
−1) = ν[µ]−1[φ][µ]([ψ]) ≤ C(µ)σ = C(µ) · ν[φ]([ψ]).
This holds for any [ψ] ∈ G, then we conclude that the norm ν[φ] is quasi-conjugate invariant.
Finally, let us proof (b). By definition,
(21) lim
`→∞
ν+[φ]([ψ]
`)
`
= lim
`→∞
min{k ∈ Z | [φ]k ≥o [ψ]`}
`
= ρ+≥o([φ], [ψ]).
Due to the discussion above, we know that ν−[φ]([ψ]) = −ν+[φ]([ψ]−1). Then
(22) lim
`→∞
ν−[φ]([ψ]
`)
`
= lim
`→∞
−ν+[φ](([ψ]−1)`)
`
= −ρ+≥o([φ], [ψ]−1).
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Therefore,
lim
`→∞
ν[φ]([ψ]
`)
`
= max
{∣∣∣∣∣ lim`→∞ ν
+
[φ]([ψ]
`)
`
∣∣∣∣∣ ,
∣∣∣∣∣ lim`→∞ ν
−
[φ]([ψ]
`)
`
∣∣∣∣∣
}
= max
{|ρ+([φ], [ψ])|, |ρ+([φ], [ψ]−1)|} .
Therefore, we get the desired conclusion. 
2.2. Proof of Theorem 1.9. Let us first briefly recall the definitions of various symplectic-
style Banach-Mazur distances. For two open star-shaped domains U, V of a Liouville man-
ifold (W,ω,L), where L is the Liouville vector field, a quantitative and symplectic way to
compare U and V is via the coarse symplectic Banach-Mazur distance ([15], [35]). Explicitly,
it is defined by
(23) dc(U, V ) := inf
{
lnC > 1
∣∣∣∣ (φ, ψ) (U φ↪−→ CV and V ψ↪−→ CU)} ,
where (i) the notation “
φ
↪−→” between two star-shaped domains U and V means that there
exists a Hamiltonian isotopy φ = {φt}t∈[0,1] defined on W such that φ0 = 1 and φ1(U) ⊂ V ;
(ii) the rescaling is defined by CV := φlnCL (V ), where φ
t
L is the flow along the Liouville
vector field L (similarly to the definition of CU). Meanwhile, there exists a “stronger” ver-
sion of dc called the symplectic Banach-Mazur distance dSBM ([34], [35]), which requires the
composition ψ ◦φ in (23) to be isotopic inside CU to the identity map of W through Hamil-
tonian isotopies. This is one way to put the “unknottedness” condition of the morphisms
in symplectic geometry. Obviously dc ≤ dSBM. In fact, due to the work in [15], for many
cases the inequality “≤” of dc ≤ dSBM can be strict “<”. Then main reason to put this
unknottedness condition is to guarantee that filtered symplectic homology can be applied.
As explained in subsection 1.2 in the introduction, in the contact geometry set-up we
will consider contact manifolds in the form of W × S1 where W = (W,ω,L) is a Liouville
manifold. The contact structure of W × S1 is given by the (standard) contact 1-form
α = ιLω + dt, where t is the coordinate of S1-component. In this case, a certain rigidity
of contact embeddings does appear (see Theorem 1.2 in [10] or Theorem 1.2’ in [11]). We
call an open domain U ⊂ W × S1 a fiberwise star-shaped domain if (i) ∂U is transversal
to the fibers and (ii) U ∩ (W × {t}) is a star-shaped domain of W . For instance, let
B2n(R) = {x ∈ R2n |pi|x|2 < R}, and then B2n(R) × S1 is a fiberwise star-shaped domain
of R2n × S1. The main result in [11] (which generalizes the main result in [10]) says that
for any 1 < R1 < R2, there does not exist any compactly supported contactomorphism φ
on R2n × S1 such that φ(B2n(R2)× S1) ⊂ B2n(R1)× S1.
Recall that in this set-up the rescaling of a fiberwise star-shaped domain U ⊂W × S1 is
defined via a covering map defined in Definition 1.4. Inspired by the relative growth rate,
this results in the definition of the contact Banach-Mazur distance dCBM in Definition 1.8.
Before we present the proof of Theorem 1.9, let use point out an essential difference between
dCBM and dc, that is, dCBM is not always well-defined. This is deeply due to the fact that
contactomorphisms do not necessarily preserve volumes, and it is in a sharp contrast with
the fact that any Hamiltonian diffeomorphism preserve volumes, which implies that, for
any star-shaped domain U ⊂ W , dc(U,U) = ln 1 = 0. Let us elaborate on this particular
phenomenon of dCBM from the following definition.
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Definition 2.4. We call a fiberwise star-shaped domain U ⊂ W × S1 squeezable if there
exists a pair (k, l) ∈ N2 with k < l and a compactly supported contact isotopy {φt}t∈[0,1] of
W × S1 such that φ1(U/k) ⊂ U/l. A fiberwise star-shaped domain U ⊂ W × S1 is called
non-squeezable if it is not squeezable.
From the definition, it is obvious that dCBM(U,U) = 0 or equivalently γCBM(U,U) = 1 for
any non-squeezable fiberwise star-shaped domain U ⊂W ×S1. WhenW = R2n with n ≥ 2,
due to Theorem 1.3 in [10], the contact ball B2n(R)×S1 is squeezable for any R > 0 since we
can take k, l sufficiently large such that both R/k and R/l are smaller than 1. The concept
of squeezable domains is related to the one of negligible domains (see subsection 6.3.3 in
[10]). Recall that a fiberwise star-shaped domain U ⊂ W × S1 is negligible if there exists a
compactly supported contact isotopy φ = {φt}t∈[0,1] such that for any open neighborhood V
of Core(W )× S1, we have φ1(U) ⊂ V . Obviously a negligible domain U is squeezable since
we can take the desired pair (k, l) ∈ N2 to be (1, l) for any large l, where U/l is regarded as an
open neighborhood of Core(W )×S1. Therefore, due to Proposition 6.12 in [10], there exist
squeezable fiberwise star-shaped domains of W × S1 whenever W admits a non-orderable
contact hypersurface. On the other hand, the celebrated contact non-squeezing theorem in
[10], as well as its generalizations in [11] and [5], says that the contact ball B2n(R) × S1
is not negligible for any R ≥ 1. Therefore, the set of all the non-squeezable fiberwise star-
shaped domains of W × S1 in general strictly contains the set of all the negligible fiberwise
star-shaped domains of W ×S1. The following property shows that the existence of certain
squeezable fiberwise star-shaped domains makes the definition of dCBM invalid.
Proposition 2.5. If there exists a squeezable split fiberwise star-shaped domain of W ×S1,
then γCBM(U, V ) = 0 for any fiberwise star-shaped domains U, V ⊂ W × S1. In particular,
dCBM is not well-defined.
Proof. First, let us claim that the existence of a negligible domain implies that γ(U, V ) = 0
for any fiberwise star-shaped domains U, V ⊂ W × S1. In fact, denote by A ⊂ W × S1 the
negligible fiberwise star-shaped domain. For the domain U , there exists a sufficiently large
k ∈ N such that U/k ⊂ A. Then U/k is negligible. Hence, by definition, for any arbitrarily
large l ∈ N, there exists a compactly supported contact isotopy denoted by φk,l = {φt}t∈[0,1]
such that φ1(U/k) ⊂ V/l, which implies that ρc(U, V ) = 0. The same argument yields that
ρc(V,U) = 0. Then γCBM(U, V ) = 0. Second, suppose that Uˆ ⊂W ×S1 is a squeezable split
domain from our hypothesis. By definition, there exists a pair (k, l) ∈ N2 with k < l, and
a compactly supported contact isotopy φ = {φt}t∈[0,1] such that φ1(Uˆ/k) ⊂ Uˆ/l. Observe
that we have the following relation (where the second strict-containing relation is exactly
due to the hypothesis that the domain Uˆ is split),
(24) φ1(Uˆ/k) ⊂ Uˆ/l $ Uˆ/k.
Repeatedly using relation (37), we obtain a sequence of strictly decreasing subsets φ1(Uˆ/k),
φ
(2)
1 (Uˆ/k), φ
(3)
1 (Uˆ/k), etc., where φ
(p)
1 is the time-1 map of the composition of the contact
isotopy φ for p times. For any given neighborhood O of Core(W ) × S1, there exists a
sufficiently large p such that φ(p)1 (Uˆ/k) ⊂ O. In other words, Uˆ/k is a negligible domain.
Then our desired conclusion follows from the claim at the beginning of this proof. 
On the other hand, the following example shows that there indeed exist non-squeezable
domains for certain W × S1 (therefore Definition 2.4 is not empty).
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Example 2.6. Let W = T ∗Tn for n ≥ 1. Let U = Bn(R)× Tn × S1 for any R > 0. Then
U is a fiberwise star-shaped domain of W × S1. Then we claim that U is non-squeezable.
It is non-trivial to check this claim. In fact, this comes from the obstruction obtained from
the contact shape invariant; see Theorem 1.16, the functorial property (2) in Lemma 2.11
and Example 2.12.
Remark 2.7. We conjecture that on W × S1 where W = T ∗N for any closed manifold
N , there does not exist any squeezable fiberwise star-shaped domain. We are not able to
prove this at present. In fact, we do not even know how to prove a weaker conjecture that
if W = T ∗N as above, then W × S1 does not admit any negligible domains. In general,
we know that if W admits a non-orderable star-shaped hypersurface, then W × S1 admits
negligible domains (see Proposition 6.12 in [10]), but we don’t know whether the converse
is true or not.
Recall thatNW×S1 denotes the set of all the non-squeezable fiberwise star-shaped domains
of W × S1. Now, let us give the proof of Theorem 1.9.
Proof of Theorem 1.9. First, we claims that for any U, V ∈ NW×S1 , ρc(U, V )ρc(V,U) ≥ 1.
In fact, for any  > 0, there exist pairs (k, l) and (m,n) in N2, and compactly supported
contact isotopies of W × S1, φ = {φt}t∈[0,1] and ψ = {ψt}t∈[0,1], such that
φ1(U/k) ⊂ V/l and ψ1(V/m) ⊂ U/n,
and kl ≤ ρc(U, V )+ and mn ≤ ρc(V,U)+. Consider the covering map τm : W×S1 →W×S1
defined in (4). Then we have the following commutative diagram4,
(25) W × S1 φ˜t //
τm

φˆt
%%
W × S1
τm

W × S1 φt // W × S1
where φˆt = φt ◦ τm, and φ˜t is the lift of φt. In fact, (φˆt)∗(pi1(W ×S1)) = (τm)∗(pi1(W ×S1))
since the restriction φt|W is compactly supported in W and W is always non-compact. By
the lifting criterion (see Proposition 1.33 in [16]), there exists a unique lift of φˆt, denoted
by φ˜t. This holds for any t ∈ [0, 1]. In particular, φ1 lifts to a morphism φ˜1 and it is a
contactomorphism (see Remark 1.6). This implies that φ˜1(τ−1m (U/k)) ⊂ τ−1m (V/l). Similarly,
we obtain a lift of ψ1 and the relation ψ˜1(τ−1l (V/m)) ⊂ τ−1l (U/n). By definition, we know
that
φ˜1(U/mk) ⊂ V/ml and ψ˜1(V/ml) ⊂ U/nl.
Therefore, (ψ˜1 ◦ φ˜1)(U/mk) ⊂ U/nl. Since U ∈ NW×S1 is non-squeezable, by the defining
property,mk ≥ nl, which is equivalent to the inequality kl mn ≥ 1, and then ρc(U, V )ρc(V,U)+
O() ≥ 1. Let → 0, and we get our claim. This implies that, for any U, V ∈ NW×S1 ,
dCBM(U, V ) = max{ln ρc(U, V ), ln ρc(V,U)} ≥ 0.
For any U , ρc(U,U) = 1 since the optimal choice of the pair (k, l) ∈ N2 is just (1, 1).
This implies that dCBM(U,U) = 0. Second, the symmetry of dCBM is obvious. Third,
for U1, U2, U3 ∈ NW×S1 , if φ1(U1/k) ⊂ U2/l and ψ1(U2/m) ⊂ U3/n for some compactly
4This argument is borrowed from a part of the proof of Lemma 2.3 in [11].
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supported contact isotopies of W × S1, {φt}t∈[0,1] and {ψt}t∈[0,1], then by the argument
above, we obtain the following relations with respect to the lifting contact isotopies,
φ˜1(U1/mk) ⊂ U2/ml and ψ˜1(U2/ml) ⊂ U3/nl.
Therefore, (ψ˜1 ◦ φ˜1)(U1/mk) ⊂ U3/nl. For any  > 0, suppose kl ≤ ρc(U1, U2) +  and
m
n ≤ ρc(U2, U3)+ , then ρc(U1, U3) ≤ kl mn ≤ ρc(U1, U2)ρc(U2, U3)+O(). Let → 0, and we
get ρc(U1, U3) ≤ ρc(U1, U2)ρc(U2, U3). A similar conclusion holds for ρc(U3, U1), then the
triangle inequality of dCBM is proved.
For the last conclusion, it suffices to prove that ρc(U,ψ(V )) = ρc(U, V ), and the rest part
can be confirmed in a similar way. Suppose that ψ = ψ1 is the time-1 map of a compactly
supported contact isotopy ψ′ = {ψt}t∈[0,1] on W × S1. By the lifting diagram (25), there
exists a lift contact isotopy ψ˜′ = {ψ˜t}t∈[0,1] such that for any l ∈ N, ψ˜t(U/l) = ψt(U)/l
for any t ∈ [0, 1]. For any  > 0, there exists a compactly supported contact isotopy
φ = {φt}t∈[0,1] and (k, l) ∈ N2 such that φ1(U/k) ⊂ V/l and kl ≤ ρc(U, V ) + . Then the
contact isotopy ψ˜′ ◦ φ := {ψ˜t ◦ φt}t∈[0,1] satisfies
(ψ˜′ ◦ φ)1(U/k) = ψ˜1(φ1(U/k)) ⊂ ψ˜1(V/l) = ψ(V )/l.
Therefore, ρc(U,ψ(V )) ≤ kl ≤ ρc(U, V ) + , which implies that ρ(U,ψ(V )) ≤ ρ(U, V ) if we
let → 0. A symmetric argument then yields the desired conclusion. 
Moreover, recall that Proposition 1.10 provides an explicit relation between dc, dSBM
on the star-shaped domains of W and dCBM on the split fiberwise star-shaped domains of
W × S1, via a canonical lift from W to W × S1 as shown in (6). Here, let us provide the
proof of Proposition 1.10.
Proof of Proposition 1.10. Denote by C := dc(U, V ). By definition, up to an  > 0, there
exist compactly supported Hamiltonian isotopies φ = {φt}t∈[0,1] and ψ = {ψt}t∈[0,1] such
that φ1(U) ⊂ CV and ψ1(V ) ⊂ CU . Then {φ′t := φ− lnCL ◦ φt ◦ φlnCL }t∈[0,1] is a compactly
supported Hamiltonian isotopy such that φ′1(
1
CU) ⊂ V . For any δ > 0, by the density
property of rational numbers, there exists a pair (k, l) ∈ N2 such that lk ∈ ( 1C − δ, 1C ). Then
φ′1(
l
kU) ⊂ V . By another conjugation as above, we know that there exists a compactly
supported Hamiltonian isotopy φ′′ = {φ′′t }t∈[0,1] such that φ′′1( 1kU) ⊂ 1l V .
Now, lift φ′′ to a compactly supported contact isotopy φ˜′′ as in (6), and note that for
the split domain U × S1, (U × S1)/k ' 1kU × S1. The relation φ′′1( 1kU) ⊂ 1l V implies that
ρc(U×S1, V ×S1) ≤ kl . Let δ go to zero, and then kl approaches to C (as lk approaches to 1C ).
Therefore, ρc(U×S1, V ×S1) ≤ C. A symmetric argument implies that ρc(V ×S1, U×S1) ≤
C, which leads to the desired conclusion. Finally, the second conclusion is trivial since
dc(U, V ) ≤ dSBM(U, V ) holds by definitions. 
2.3. Proof of Theorem 1.14. Recall that subsection 1.2.2 in the introduction defines a
different version of contact Banach-Mazur distance, still denoted by dCBM, between contact
1-forms of a contact manifold (M, ξ) (see Definition 1.12). Moreover, when (M, ξ) is Liouville
fillable, each contact 1-form α can be used to produce a star-shaped domain of Wˆ denoted
by Wα, where Wˆ is the completion of a filling W of (M, ξ). This construction is carried
out in (7). Theorem 1.14 establishes a relation between dc and dCBM in this set-up. In this
subsection, we will give its proof. First of all, let us confirm that (Oξ(α0), dCBM) is indeed
a pseudo-metric space, where α0 is a fixed base point (as a contact 1-form of ξ).
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Proposition 2.8. The contact Banach-Mazur distance dCBM on Oξ(α0) satisfies the fol-
lowing properties. For any α1, α2, α3 ∈ Oξ(α0),
(1) dCBM(α1, α2) ≥ 0, and dCBM(α1, α1) = 0;
(2) dCBM(α1, α2) = dCBM(α2, α1);
(3) dCBM(α1, α3) ≤ dCBM(α1, α2) + dCBM(α2, α3);
(4) dCBM(φ∗α1, ψ∗α2) = dCBM(α1, α2) for any φ, ψ ∈ Cont0(M, ξ);
Proof. The item (1) is trivial and the item (2) comes from the follow equivalence,
1
C
α1  φ∗α2  Cα1 ⇔ 1
C
α2  (φ−1)∗α1  Cα2.
For (3), if 1Cα1  φ∗α2  Cα1 and 1Dα2  ψ∗α3  Dα2 for some C,D ≥ 1 and φ, ψ ∈
Cont0(M, ξ), then
1
CD
α1  1
D
φ∗α2  φ∗ψ∗α3  Dφ∗α2  (CD)α1.
For (4), it suffices to show dCBM(α1, ψ∗α2) = dCBM(α1, α2). If 1Cα1  φ∗α2  Cα1, then
one has
1
C
α1  (φ∗(ψ−1)∗)(ψ∗α2)  Cα1
and vice versa. Thus we obtain the desired conclusion. 
Remark 2.9. 5 The item (4) in Proposition 2.8 implies that dCBM between contact 1-
forms descends to a well-defined pseudo-metric, still denoted by dCBM, on the quotient
space Oξ(α0)/Cont0(M, ξ). One can readily check that this descended dCBM is equal to
the pseudo-distance defined and denoted by d(a, b) on page 1528 in [24]. Since the contact
mapping class group Cont(M, ξ)/Cont0(M, ξ) acts by isometries (of d(a, b), hence also of
dCBM) on Oξ(α0)/Cont0(M, ξ). This descended dCBM can be used to study the dynamics of
those contactomorphisms beyond Cont0(M, ξ) as in, for instance, Proposition 3.1 in [24].
Suppose that (M, ξ = kerα0) is closed and Liouville-fillable. Before we present the proof
of Theorem 1.14, here is an important observation. Any φ ∈ Cont0(M, ξ) can be lifted to
an element Φ ∈ Symp0(Wˆ , ω), the identity component of the group of symplectomorphisms
Symp(Wˆ , ω). To this end, we will take the approach from [1]. Explicitly, consider any path
{φt}t∈[0,1] connecting 1 and φ in Cont0(M, ξ), and denote by h(t, x) : [0, 1] ×M → R the
associated contact Hamiltonian function with respect to any fixed α ∈ Oξ(α0). Then its
lifting to [0, 1]× SM is defined by H(t, u, x) = u · h(t, x). For any (sufficiently large) c > 0,
consider a cut-off function βc ∈ C∞([0,∞), [0, 1]) such that β′c ≥ 0, βc(u) = 1 if u ∈ [e−c,∞)
and βc(u) = 0 if u ∈ [0, e−2c]. Modify the lift H to be a smooth function Hc : [0, 1]×Wˆ → R
defined by
(26) Hc|[0,1]×(Wˆ\SM) = 0, and Hc(t, u, x) = βc(u) ·H(t, u, x).
Denote by Φc the (symplectic) Hamiltonian diffeomorphism on Wˆ generated by Hc. Note
that there always exists some (small) neighborhood of Core(Wˆ ) which is pointwisely fixed
by Φc, where the size of this neighborhood depends on c. Let us denote this neighborhood
by Uc(Wˆ ), i.e., Uc = {(u, x) ∈ Wˆ |u ∈ [0, e−2c], x ∈M}.
For any Liouville domain U ⊂ Wˆ and C > 0, recall that CU is the image of U under the
flow of L for time lnC. Then we have the following lemma.
5This remark is indebted to L. Polterovich.
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Lemma 2.10. The domain Wα constructed from (7) satisfies the following properties.
(1) For α1, α2 ∈ Oξ(α0), if α1  α2, then Wα1 ⊂Wα2 .
(2) For any α ∈ Oξ(α0) and any C ≥ 0, WCα = CWα.
(3) For any α ∈ Oξ(α0) and any φ ∈ Cont0(M, ξ), there exists a constant c(α), depend-
ing on α, such thatW φ∗α = Φ−1c(α)(W
α), where Φc(α) is the (symplectic) Hamiltonian
diffeomorphism generated by the modified Hamiltonian function defined in (26).
Proof. Suppose that α1 = ef1α0 and α2 = ef2α0. Then (1) and (2) directly come from the
definition (7). For (3), suppose that φ∗α0 = egφ,α0α0. Then φ∗α = ef◦φ+gφ,α0α0 for some
f : M → R. Then the definition (7) says that
W φ
∗α = {(u′, x′) ∈ Wˆ |u′ < ef(φ(x′))+gφ,α0 (x′)}.
Choose any path of contactomorphisms connecting 1 and φ, and denote by h the associated
contact Hamiltonian function with respect to α. For any c > 0 the Hamiltonian vector
field XHc of the modified lift Hamiltonian in (26) can be computed as follows. Split XHc =
XL
∂
∂u+XM
∂
∂x into two components. By definition, dHc = (β
′
c(u)u+βc(u))h·du+βc(u)u·dh.
By solving ιXd(uα) = −dHc, one obtain that
(27) XL = −βc(u)u · dh(Rα) and XM = (β′c(u)u+ βc(u))Xh + Y,
where Xh is the contact vector field on M generated by h and Y is solved from the equation
dα(Y ) = β′c(u)u · (dh− dh(Rα)α). In particular, for u ∈ [e−c,∞), βc(u) is constant 1. Then
β′c(u) = 0, which implies that Y = 0, and then XL = −u ·dh(Rα) and XM = Xh. Therefore,
one easily obtain the following formula for (u, x) ∈ Wˆ where u ∈ [e−c,∞),
(28) Φc(u, x) = (e−gφ,α0 (x)u, φ(x)).
For the star-shaped domain W φ∗α, choose a sufficiently large c(α) > 0 (which will be
specified later). For any point (u′, x′) ∈W φ∗α where u′ ∈ [e−c(α),∞), by (28), Φc(α)(u′, x′) =
(e−gφ,α0 (x
′)u′, φ(x′)). Then by the defining property of W φ∗α, e−gφ,α0 (x
′)u′ < ef(φ(x′)), which
implies that Φ(u′, x′) ∈ Wα. On the other hand, for u′ ∈ [e−2c, e−c], the formula of Φc(α)
will not be as simple as the one in (28). However, by (27), it is important to observe that
the difference of XL, compared with the previous case where u′ ∈ [e−c,∞), only involves
with βc(u), which is uniformly bounded for any x ∈ M and any c > 0. Therefore, we can
choose c(α) sufficiently large such that the ratio of the u-component of Φc(α)(u′, x′) and u′
is sufficiently close to 1 and also uniformly for any x′ ∈ M . Explicitly, we will choose c(α)
such that
Φc(α)(u
′, x′) ∈
{
(u, x) ∈ Wˆ
∣∣∣∣u < minx∈M ef(x)
}
,
where f is the function used to define α, i.e., α = efα0. Note that the minimum in the
condition above exists due to the compactness of M . Then obviously Φc(α)(u′, x′) ∈ Wα.
Finally, for u′ ∈ [0, e−2c(α)], we can shrink c(α) further if it is necessary such that the c(α)-
dependent neighborhood Uc(α) of Core(Wˆ ) satisfies Uc(α) ⊂ Wα. Note that over Uc(α) the
morphism Φc(α) is just the identity, and then Φc(α)(u′, x′) = (u′, x′) ∈ Wα holds trivially.
Thus, we have shown that for a sufficiently large c(α), Φc(α)(W φ
∗α) ⊂Wα.
Apply the same argument to φ−1, then, for any contact 1-form β, we obtain that there
exists a sufficiently large c(β) such that Φ−1c(β)(W
(φ−1)∗β) ⊂ W β . In particular, if β =
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φ∗α, we get that Φ−1c(β)(W
(φ−1)∗(φ∗α)) = Φ−1c(β)(W
α) ⊂ W φ∗α, which is equivalent to Wα ⊂
Φc(β)(W
φ∗α). Replace c(α) by c(β) if it is necessary, then we get the desired conclusion. 
Now, we are ready to give the proof of Theorem 1.14.
Proof of Theorem 1.14. Suppose there exists φ ∈ Cont0(M, ξ) and C ≥ 1 such that 1/Cα1 
φ∗α2  Cα1. By Lemma 2.10, there exists a sufficiently large c(α2) such that the following
relation holds,
1
C
Wα1 ⊂ Φ−1c(α2)(W
α2) ⊂ CWα1 .
Then Φc(α2)| 1
C
Wα1 is a Liouville embedding from
1
CW
α1 toWα2 , and Φ−1c(α2)|Wα2 is a Liouville
embedding from Wα2 to CWα1 . Moreover, their composition is just the inclusion. Then,
by the definition of dSBM, we know that dSBM(Wα1 ,Wα2) ≤ lnC. Thus we get the first
conclusion. The second conclusion is trivial since by definition dc ≤ dSBM. 
2.4. Proof of Theorem 1.16. The proof of Theorem 1.16 relies on the contact shape
invariant, which was rigorously defined in [9] for the first time (and see also [21]). Let
us recall its definition first. Given a domain U × S1 of W × S1, and denote by τ the
identity map in the automorphism group Aut(H1(X×S1;R)). Consider the symplectization
U ×S1×R+ ⊂W ×S1×R+, where r denotes the coordinate of R+. Note that by definition
the symplectic structure on W ×S1×R+ (hence, also on U ×S1×R+) is d(r(λ+ dt)). Fix
any contact hypersurfaceM ofW , e.g., a unit cosphere bundle of X with respect to a certain
metric on X, and the coordinates (s, x, t, r) denote a point in W × S1 ×R+, where x ∈M .
Consider the diffeomorphism Φ on W × S1 × R+ defined by Φ((s, x, t, r)) = (sr, x, t, r) for
any point (s, x, t, r) ∈ W × S1 × R+. It is easy to check that Φ is a symplectomorphism
from (W × S1 × R+, d(r(λ + dt))) to (W × S1 × R+, ω + dr ∧ dt). Therefore, the image
Φ(U × S1 × R+) can be regarded as a domain in the standard (symplectic) stabilization
of (W,ω), i.e., W × T ∗S1, with respect to the standard split symplectic structure. Now,
consider the set defined as
(29)
sh(Φ(U × S1 × R+); τ) :=
(a, b) ∈ H
1(X × S1;R)
∣∣∣∣∣
there exists a Lagrangian emb.
f : X × S1 → Φ(U × S1 × R+)
such that f∗|H1(X×S1;R) = τ
and also f∗(λ+ dt) = (a, b)
 .
A few remarks about the notation in the definition (29) are in order. First, since H1(X×
S1;R) = H1(X;R) ⊕ H1(S1;R), the vector (a, b) is understood as a ∈ H1(X;R) and
b ∈ H1(S1;R). Moreover, the equality f∗(λ+dt) = (a, b) is understood as the closed 1-form
f∗(λ + dt) evaluated at a chosen basis of H1(X × S1;Z). Second, since Φ does not change
the homotopy type, f∗ = (Φ−1 ◦ f)∗. Moreover, an existence of a Lagrangian embedding
f : X × S1 → Φ(U × S1 × R+) is equivalent to an existence of a Lagrangian embedding
Φ−1 ◦ f : X × S1 → U × S1 × R+, since Φ is symplectic. Third, since U is a star-shaped
domain of W = T ∗X, the domain U × S1 × R+ deformation retracts to X × S1 × R+ and
H1(U×S1×R+;R) ' H1(X×S1;R), which guarantees that the condition f∗|H1(X×S1;R) = τ
in (29) is well-defined.
An important observation is that the set sh(Φ(U × S1 × R+); τ) admits a diagonal R+-
action, i.e., if (a, b) ∈ sh(Φ(U × S1 × R+); τ), then for any fixed r∗ ∈ R+, (r∗a, r∗b) ∈
sh(Φ(U×S1×R+); τ). In fact, for this r∗, denote by r∗◦ the diagonal action onW×S1×R+
RELATIVE GROWTH RATE AND CONTACT BANACH-MAZUR DISTANCE 25
defined by r∗ ◦ (s, x, t, r) := (sr∗, x, t, rr∗). Then if f : X × S1 → Φ(U × S1 × R+) is a
Lagrangian embedding, then
fr∗ := Φ ◦ r∗ ◦ Φ−1 ◦ f : X × S1 → Φ(U × S1 × R+)
is also a Lagrangian embedding. Moreover, if f∗(λ+dt) = (a, b), then f∗r∗(λ+dt) = (r∗a, r∗b).
Denote by pr1 : H1(X × S1;R) → H1(X;R) the natural projection. The contact shape
invariant of U × S1 with respect to τ is defined as
(30) csh(U × S1; τ) := pr1(sh(Φ(U × S1 × R+); τ)/diagonal R+-action).
As a subset of Rm where m = dimRH1(X;R), the contact shape invariant csh(Φ(U × S1 ×
R+); τ) can be equivalently obtained by projecting the subset sh(Φ(U×S1×R+); τ)∩{b = 1}
via pr1, where b represents the coordinate of R = H1(S1;R).
Lemma 2.11. The contact shape invariant satisfies the following functorial properties.
(1) If U is a star-shaped domain of W , then csh(CU × S1; τ) = C · csh(U × S1; τ) for
any C > 0, where C· is the standard rescaling in a Euclidean space. 6
(2) Let U, V be star-shaped domains of W × S1. If there exists a contact isotopy φ =
{φt}t∈[0,1] such that φ1(U × S1) ⊂ V × S1, then csh(U × S1; τ) ⊂ csh(V × S1; τ).
(3) If U is a star-shaped domain of W , then for any k ∈ N,
(31) csh(U × S1; τ) ⊂ k · csh((U × S1)/k; τ),
where (U × S1)/k = τ−1k (U × S1) and τk : W × S1 → W × S1 is the covering map
defined in (4).
Proof. The proof of (1) and (2) are straightforward, so we only prove (3) here. By definition,
τ∗k (λ+dt) = k ·(λ+dt). Therefore, (U×S1)/k is a domain of (W ×S1×R+, k(dλ+dr∧dt)),
where the symplectic form is changed by the factor k. If there exists a Lagrangian embedding
f : X × S1 → U × S1 × R+, then it lifts to a Lagrangian embedding f˜ (k) : X × S1 →
(U × S1)/k × R+. Moreover, if f∗(λ + dt) = (a, b), then (f˜ (k))∗(kλ + kdt) = (a, kb). Note
that the factor a does not change since by definition the U -component of the embedding
f˜ (k) is rescaled by 1k . This implies that if (a, b) ∈ sh(Φ(U × S1 × R+); τ), then (a, kb) ∈
sh(Φ((U × S1)/k × R+); τ). Then, modulo the diagonal R+-action, we get the desired
conclusion. 7 
In general, we only get the inclusion in (31), since a Lagrangian embedding always admits
a lift, but not every Lagrangian embedding f : X × S1 → (U × S1)/k × R+ can be pushed
down via τk to be a well-defined Lagrangian embedding from X × S1 → U × S1 × R+. In
order to do so, we require some periodicity condition of the embedding f . However, in the
following example, we will examine a special case where (31) is indeed an equality.
Example 2.12. Let X = Tn (so W = T ∗Tn), and U = Tn × AU for some open subset AU
of Rn containing 0 ∈ Rn. Then we claim that
(32) csh(U × S1; τ) = k · csh((U × S1)/k; τ) = AU .
6It is easy to see, by Lagrangian Weinstein neighborhood theorem, csh(CU × S1; τ) is always an open
subset of Rm, and 0 ∈ Rm is contained inside its closure.
7It can be confusing for the factor in item (3) in Lemma 2.11 - whether it is k or 1
k
. From our proof,
if (a, 1) ∈ sh(Φ(U × S1 × R+); τ), then (a, k) ∈ sh(Φ((U × S1)/k × R+); τ). Therefore, in order to obtain
csh((U × S1)/k; τ) via intersecting “{b = 1}”, we need to collect 1
k
a. In other words, 1
k
csh(U × S1; τ) ⊂
csh((U × S1)/k; τ). This is the desired conclusion in (31) in Lemma 2.11.
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We will show that csh(U × S1; τ) = AU and csh((U × S1)/k; τ) = 1k ·AU . By definition,
Φ(U × S1 × R+) = Φ(Tn ×AU × S1 × R+)
= {(q, rp, t, r) ∈W × S1 × R+ | (q, p, t, r) ∈ Tn ×AU × S1 × R+}
= {(q, t, rp, r) ∈ Tn+1 × (Rn × R+) | p ∈ AU , r ∈ R+}
By Sikorav’s theorem (see [32] or [9]) (which eventually comes from Gromov’s famous the-
orem on the exact Lagrangian embeddings of cotangent bundles in [13]), we know that
sh(Φ(U × S1 × R+); τ) = {(rp, r) ∈ Rn × R+ | p ∈ AU , r ∈ R+}.
Therefore, csh(U × S1; τ) = AU .
The same argument shows that
sh(Φ((U × S1)/k × R+); τ) =
{
(krp, kr) ∈ Rn × R+
∣∣∣∣ p ∈ 1k ·AU , r ∈ R+
}
= {(rp, kr) ∈ Rn × R+ | p ∈ AU , r ∈ R+}.
Therefore, csh(U × S1; τ) = 1k ·AU .
Now, we are ready to give the proofs of Theorem 1.16 and Corollary 1.17.
Proof of Theorem 1.16. By definition, for any  > 0, there exists a pair (k, l) ∈ N2 such
that kl ≤ ρc(U × S1, V × S1) + . In other words, there exists a contact isotopy of W × S1,
denoted by φ = {φt}t∈[0,1], such that φ1((U × S1)/k) ⊂ (V × S1)/l. By (2) in Lemma 2.11,
csh((U × S1)/k; τ) ⊂ csh((V × S1)/l; τ). Moreover, by (32) in Example 2.12, we know that
AU/k ⊂ AV /l, which implies AU ⊂ k
l
AV .
Note that δ(·, ·) is symmetric, and it can be written as δ(A,B) = max{δ−(A,B), δ+(A,B)},
where δ−(A,B) = inf{C > 1 |A ⊂ C ·B} and δ+(A,B) = inf{C > 1 |B ⊂ C ·A}. Therefore,
δ−(AU , AV ) ≤ kl ≤ ρc(U ×S1, V ×S1) + . Then a symmetric argument leads to the desired
conclusion. 
Proof of Corollary 1.17. Given k ∈ N, consider a morphism Ψk : Rk → S(T ∗Tn) defined
along the following few steps. First, observe that there exists a quasi-isometric embedding
L : R → [0,∞)2 by an “L-shape”. Explicitly, for x < 0, L(x) = (1,−x + 1), and for x ≥ 0,
L(x) = (1 + x, 1). In general, for x = (x1, ..., xk) ∈ Rk, for brevity still use L to denote the
map L : Rk → [0,∞)2k defined by L(x) = (L(x1), ...,L(xk)). It is easy to check that
(33)
1
2
|x− y|∞ ≤ |L(x)− L(y)|∞ ≤ |x− y|∞.
Therefore, we are reduced to construct a quasi-isometric embedding Ψk from the metric space
([0,∞)2k, | · |∞) to (S(T ∗Tn), dc). Second, since n ≥ 2, H1(Tn;R) contains a 2-dimensional
Euclidean space R2, say, in coordinates x1 and x2. In this R2, choose 2k-many non-collinear
directions represented by the unit vectors e1, ..., e2k. Choose a sufficiently large constant C0,
and denote by `i the line segment {tei | t ∈ [0, C0]} for each i ∈ {1, ..., 2k}. The 1-skeleton
of the x1x2-plane formed by the union of the line segments {`i}i=1,...,2k is denoted by Xbase.
For any v = (v1, ..., v2k) ∈ [0,∞)2k, the notation v · Xbase means a new 1-skeleton where
`i is rescaled to evi`i for each i ∈ {1, ..., 2k}. Moreover, for the rest (n − 2)-dimensional
Euclidean subspace Rn−2 ⊂ H1(Tn;R), consider the open higher dimensional unit cube
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[0, 1)n−2 ⊂ Rn−2. Third, choose an appropriate width (v) of the 1-skeleton v ·Xbase in the
x1x2-plane such that the resulting open region denoted by Ωv satisfies
(34) volRn(Ωv × [0, 1)n−2) = 1/volg(Tn)
for a fixed Riemannian metric g on the base Tn. Denote Av := Ωv × [0, 1)n−2. Define
Ψk : [0,∞)2k → S(T ∗Tn) by Ψk(v) = Tn ×Av.
Now, let us confirm that Ψk is the desired quasi-isometric embedding. First, for two
vectors v, w ∈ [0,∞)2k, by Proposition 1.10 and Theorem 1.16,
δ(Av, Aw) ≤ dc(Tn ×Av,Tn ×Aw) = dc(Ψk(v),Ψk(w)).
By our construction, δ(Av, Aw) = |v − w|∞ since each direction `i must be rescaled by
|vi − wi| in order to satisfy the inclusion relations in the definition of δ(·, ·). Therefore,
|v−w|∞ ≤ dc(Ψk(v),Ψk(w)). On the other hand, for a sufficiently large C0, the width (v)
is sufficiently small for every v ∈ [0,∞)2k. Then, the volume volRn(Ωv × [0, 1)n−2) can be
computed as
(35) volRn(Ωv × [0, 1)n−2) = (v)C0 ·
2k∑
i=1
evi + o((v)).
For v, w ∈ [0,∞)2k, without loss of generality, assume that |v − w|∞ = w1 − v1 ≥ 0.
In particular, for every i ∈ {1, ..., 2k}, wi − vi ≤ |vi − wi| ≤ w1 − v1. For Ψk(v) and
Ψk(w), we claim that choosing the constant C := C1ew1−v1 for a constant C1 > 1 yields
Ψk(v) ⊂ CΨk(w). Then a symmetric argument implies the desired conclusion.
To prove the claim, for brevity, let us neglect the approximation term o((v)) in (35),
since this can be adjusted by a proper constant C1 > 1. From (35) and (34), we know that
(v) ·∑2ki=1 evi = (w) ·∑2ki=1 ewi . Observe that ew1−v1 ≥ ∑2ki=1 ewi∑2k
i=1 e
vi
. 8 Then
ew1−v1 · (w) = ew1−v1 ·
∑2k
i=1 e
vi∑2k
i=1 e
wi
(v) ≥ (v).
This implies that Av ⊂ CAw, and thus we get the claim. 
2.5. Proof of Theorem 1.22.
Proof of Theorem 1.22. It suffices to prove that
(36) ρ−≥+([φ], [ψ]) ≥ ρc(U([φ]), U([ψ])),
where ρ−≥+(a, b) = ρ
+
≥+(b, a) for any inputs a and b, and ρ
+
≥+ and ρc are defined in (1) and (5),
respectively. Then the desired conclusion comes from a symmetric argument. For any  > 0,
there exists a pair (k, l) ∈ N2 such that [ψ]k = [ψk] ≥+ [φ]l = [φl], and kl ≤ ρ−≥+([φ], [ψ]) + .
Then, by the definition of the partial order ≥+, there exist a positive contact isotopy ψ′,
homotopic to ψk, and a positive contact isotopy φ′, homotopic to φl, such that ψ′ ≥+ φ′.
For any fixed contact 1-form α, the corresponding contact Hamiltonian functions satisfy
8In fact, denote by ai = ewi and bi = evi . By our hypothesis, aibi = e
wi−vi ≤ ew1−v1 = a1
b1
for each
i ∈ {1, ..., 2k}. Set M = a1
b1
, then ai ≤ Mbi for each i ∈ {1, ..., 2k}. Then sum over all such i, and we get∑2k
i=1 ai ≤M
∑2k
i=1 bi, which implies that
∑2k
i=1 ai∑2k
i=1 bi
≤M .
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hα(ψ
′) ≥ hα(φ′). Passing to the star-shaped domains defined in (10), we know that, for any
s > 0, {
(s, x, t) ∈ SM × S1
∣∣∣∣hα(φ′) < 1s
}
⊂
{
(s, x, t) ∈ SM × S1
∣∣∣∣hα(ψ′) < 1s
}
,
which yields that U(φ′) ⊂ U(ψ′). Meanwhile, there exist ambient contact isotopies on
Wˆ × S1 denoted by Φ = {Φt}t∈[0,1] and Ψ = {Ψt}t∈[0,1] such that U(φ′) = Φ1(U(φk)) and
U(ψ′) = Ψ1(U(ψl)). Then the contact isotopy Φ−1 ◦Ψ satisfies
(37) (Ψ−1 ◦ Φ)1(U(φk)) = Ψ−11 (Φ1(U(φk))) = Ψ−11 (U(φ′)) ⊂ U(ψl).
Moreover, assume that both hα(φ) and hα(ψ) are 1-periodic. Then φk and ψl can be
generated by k · hα(x, kt) and l · hα(x, lt), respectively. It is important to observe that
U(φk) = τ−1k (U(φ)) = U(φ)/k and U(ψ
l) = τ−1l (U(ψ)) = U(ψ)/l,
where τk and τl are the covering maps defined in (4). Therefore, we know that
ρc(U(φ), U(ψ)) ≤ k
l
≤ ρ−≥+([φ], [ψ]) + .
Letting  go to zero, together with Theorem 1.9, we get the desired conclusion. 
2.6. Proof of Theorem 1.25. In preparation for our discussion, let us recall some standard
notations. The sheaf convolution denoted by “◦|I” (see (1.13) in [14]) provides a well-defined
bi-operator on Db(kX×X×I). Explicitly, consider the projection pijI : X1 ×X2 ×X3 × I →
Xi ×Xj × I, where Xi = X for i = 1, 2, 3. The sheaf convolution is defined by
F ◦ |IG := Rp13I !(p−112IF ⊗L p−123IG),
for any two elements F ,G ∈ Db(kX×X×I), where ⊗L means the external product. Under this
sheave convolution, the identity element in Db(kX×X×I) is k∆×I where ∆ ⊂ X ×X is the
diagonal. When I is empty, we simply write the corresponding sheaf convolution as F ◦ G,
which is defined as above without the I-components. For an element F ∈ Db(kX×X×I), its
“formal inverse” (with respect to the sheaf convolution) denoted by F−1 ∈ Db(kX×X×I) is
defined by (see (1.21) or page 216 in [14])
(38) F−1 := (v × 1I)−1RHom(F , ωM  kM  kI),
where v : X×X → X×X is the swap map, i.e., v(x1, x2) = (x2, x1) for any (x1, x2) ∈ X×X,
and ωX ∈ Db(kX) is the dualizing complex on M , which is isomorphic to the orientation
sheaf shifted by the dimension (see Definition 3.1.16 in [19]). We call F−1 the “formal inverse”
since certain conditions on F are necessary in order to have F ◦ |IF−1 = F−1 ◦ |IF ' k∆×I
(see Proposition 1.14 in [14]). Any such F which also satisfies the normalization condition
that F|t=0 = k∆ is called admissible, and the set of all admissible F ∈ Db(kX×X×I) is
denoted by Dbadm(kX×X×I). In Example 2.15 below, we will see that Dbadm(kX×X×I) in fact
contains interesting elements. Finally, for any k ∈ N, recall that Fk := F ◦ |I · · · ◦ |IF , the
sheaf convolution of k many F .
Another important ingredient is the singular support of an element F ∈ Db(kX×X×I),
denoted by SS(F). It is a conical subset of T ∗(X×X×I) = T ∗X×T ∗X×T ∗I. The explicit
definition of SS will not be necessary here, and we refer to Chapter V in [19] for a systematic
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study of SS. Recall that for two subset Λ1,Λ2 ⊂ T ∗(X×X×I), the correspondence Λ1◦|IΛ2,
which is a subset of T ∗(X ×X × I), is defined by
(39)
Λ1◦|IΛ2 :=
((x1, ξ1), (x3, ξ3), (t, τ))
∣∣∣∣∃(x2, ξ2), (t, τ1), (t, τ2) s.t. ((x1, ξ1), (x2,−ξ2), (t, τ1)) ∈ Λ1((x2, ξ2), (x3, ξ3), (t, τ2)) ∈ Λ2
τ = τ1 + τ2
 .
The following two properties of SS are particularly useful to us. Proposition 2.13 is an
important proposition for SS, since it reflects the “geometry” of SS. Proposition 2.14 shows
that the singular support of a sheaf can put strong restrictions on the behavior of the sheaf
itself. The proof of Proposition 2.14 is in fact quite difficult, where the main step is based
on the microlocal Morse lemma (see Corollary 5.4.19 in [19]).
Proposition 2.13. For any F ,G ∈ Db(kX×X×I), under a certain condition ((1.14) in [14]),
SS(F ◦ |IG) ⊂ SS(F) ◦ |ISS(G), where the ◦|I on the right hand side is defined in (39).
Proposition 2.14. Given F ∈ Db(kX×X×I), assume that SS(F) ⊂ T ∗(X ×X)× 0I , then
F ' p−1Rp∗F , where p : X ×X × I → X ×X is the projection.
The following example summarizes the main result from [14], which serves as a supporting
example, with the origin in contact geometry, of the elements in Db(kX×X×I).
Example 2.15 (Sheaf quantizations [14]). This example will demonstrate a family of ele-
ments in Dbadm(kX×X×I) which comes from contact geometry. Let X be a closed manifold
and g be a metric on X. Denote by M = S∗gX the unit co-sphere bundle, and it admits
a contact structure ξ which is naturally induced from the canonical symplectic structure
on T ∗X. We have seen above that a contact isotopy φ = {φt}t∈I lifts to a 1-homogeneous
Hamiltonian isotopy Φ = {Φt}t∈I on the symplectization SM = T˙ ∗M := T ∗M\0M . The
main result in [14] says that for any such Φ : I×T˙ ∗M → T˙ ∗M , there exists a unique element
Kφ ∈ Dbadm(kX×X×I), called the sheaf quantization of φ, such that SS(Kφ) satisfies
SS(Kφ) ⊂ ΛΦ ∪ 0X×X×I
= {((x, ξ),−Φt(x, ξ), (t,−Ht(Φt(x, ξ)))) |x ∈ X, t ∈ I} ∪ 0X×X×I ,
where ΛΦ is called the Lagrangian suspension of the (symplectic) Hamiltonian isotopy Φ,
and Ht is the (symplectic) Hamiltonian function of Φ. More explicitly, assume that the
contact isotopy φ is generated by a contact Hamiltonian function ht : I ×M → R, then
Ht = s · ht, where s denotes the R+-component of the symplectization of M . Observe that
Kφ is a dominant if and only if the contact Hamiltonian function ht of φ is strictly positive.
Moreover, we have the following two results.
(i) By the uniqueness of the main result in [14], (Kφ)−1 ' Kφ−1 .
(ii) For any two contact isotopies φ, ψ on (M, ξ), Kφ ◦ |IKψ = Kφ◦ψ.
As a consequence, we know that Kφ ≥s Kψ if and only if Kφ−1◦ψ satisfies the condition in
Definition 1.24, i.e., SS(Kφ−1◦ψ) ⊂ T{τ≤0}(X ×X × I).
Now, we are ready to give the proof of Theorem 1.25.
Proof of Theorem 1.25. Let us prove the first conclusion. By the admissibility hypothesis,
for any F ∈ Dbadm(kX×X×I), F−1 ◦ |IF = k∆×I . Since SS(k∆×I) ⊂ (∆T ∗X × 0I)∪ 0X×X×I ,
which is certainly contained in T ∗{τ≤0}(X × X × I), we know F ≥s F , and we get the
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reflexivity of the relation ≥s. Next, if F ≥s G, and G ≥s H, then by associativity of the
operator ◦|I , we know SS(F−1 ◦ |IH) = SS((F−1 ◦ |IG) ◦ |I(G−1 ◦ |IH)). By Proposition
2.13,
SS((F−1 ◦ |IG) ◦ |I(G−1 ◦ |IH)) ⊂ SS(F−1 ◦ |IG) ◦ |ISS(G−1 ◦ |IH).
By the explicit formula (39), the τ -components of SS(F−1 ◦ |IH) come from certain sums
of τ1-components of SS(F−1 ◦ |IG) and τ2-components of SS(G−1 ◦ |IH). Our hypothesis
implies that both τ1-components and τ2-components are non-positive, which yields that τ -
components are also non-positive. This proves the transitivity of the relation ≥. Next, if
F ≥s G and G ≥s F , then it is readily to check that SS(F−1 ◦ |IG) ⊂ T ∗(X ×X)× 0I . By
Proposition 2.14, F−1 ◦ |IG ' p−1Rp∗(F−1 ◦ |IG) where p : X × X × I → X × X is the
projection. For every t ∈ I, denote by ιt : X ×X × {t} → X ×X × I the inclusion. Then
for every t ∈ I,
(F−1 ◦ |IG)|t ' ι−1t (p−1Rp∗(F−1 ◦ |IG))
= (p ◦ ιt)−1Rp∗(F−1 ◦ |IG)
= Rp∗(F−1 ◦ |IG)
= (p ◦ ι0)−1Rp∗(F−1 ◦ |IG)
= ι−10 (p
−1Rp∗(F−1 ◦ |IG))
' (F−1 ◦ |IG)|0 = F−1|t=0 ◦ G|t=0 = k∆.
Therefore, F−1 ◦ |IG ' k∆×I . Convoluting F on both sides, we get G ' F . Thus, we obtain
the anti-symmetry of the relation ≥s. Therefore, ≥s is a partial order.
Let us prove the second conclusion. Let M = S∗gX. Consider the sheaf quantiza-
tion demonstrated in Example 2.15. It provides a map denoted by σ : PCont0(M, ξ) →
Dbadm(kX×X×I) given by φ → Kφ. In particular, it restricts to a map σ : PCont+(M, ξ) →
Dbadm∩dom(kX×X×I) = Dbadm(kX×X×I) ∩ Dbdom(kX×X×I). By the conclusion at the end of
Example 2.15 (which is derived from (i) and (ii) in Example 2.15), the relative growth rates
are related by γ≥o(φ, ψ) ≥ γ≥+(Kφ,Kψ). Therefore, passing to the pseudo-metrics d≥o and
d≥s constructed from γ≥o and γ≥s as in (2), respectively, for any φ, ψ ∈ PCont+(M, ξ), we
have that d≥o(φ, ψ) ≥ d≥s(σ(φ), σ(ψ)). Thus we get the desired conclusion. 
Remark 2.16. The normalization condition that F|t=0 = k∆ for every F ∈ Dbadm(kX×X×I)
is crucial to the proof of Proposition 1.25, in particular, to the proof of the anti-symmetric
property of the relation ≥s.
3. Appendix
In this appendix, we provide another formulation of the relative growth rate γ≥(·, ·) on
G+ which is defined via ρ+≥(·, ·) in (1). In fact, we will give an equivalent formulation of
ρ+≥(·, ·) on G+ which claims to be defined by only prime numbers. Recall that G+ is the set
of all the dominants of G, and without loss of generality assume that ρ+≥(a, b) > 0 for any
a, b ∈ G+. For any a, b ∈ G+, we call the pair (k, l) ∈ N2 an (a, b)-ordering pair if it satisfies
ak ≥ bl. Denote by O(a,b) the set of all the (a, b)-ordering pairs. Recall that
ρ+≥(a, b) = inf
{
k
l
∈ Q+
∣∣∣∣ (k, l) ∈ O(a,b)} .
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Denote by P(a,b) the subset of O(a,b) which consists of all the (a, b)-ordering pairs (p, q) ∈
O(a,b) such that both p and q are prime numbers. Then we have the following property.
Proposition 3.1. For any a, b ∈ G+, we have
(40) ρ+≥(a, b) = inf
{
p
q
∈ Q+
∣∣∣∣ (p, q) ∈ P(a,b)} .
Proof. Denote the left-hand side of the equation (40) by L and the right-hand side of the
equation (40) by R. Since P(a,b) ⊂ O(a,b), it is obvious that L ≤ R. For the other direction,
by definition L = ρ+≥(a, b) implies there exists a sequence of pairs {(kn, ln)}n∈N in O(a,b)
such that limn→∞ knln = L. Passing to a subsequence if it is necessary, we can assume that
ln →∞. Since L > 0, we know that kn →∞ as well. Pick α = 0.6, then by Baker-Harman-
Pintz’s theorem in [3], when n is sufficiently large, there exists a prime number, denoted by
qn lying in [ln − lαn , ln]. In particular,
(41) qn ≤ ln and lim
n→∞
qn − ln
ln
= 0.
Similarly, when n is sufficiently large, there exists a prime number, denoted by pn lying in
[kn, kn + k
α
n ]. In particular,
(42) pn ≥ kn and lim
n→∞
pn − kn
kn
= 0.
Each (kn, ln) belongs to O(a,b), so apn ≥ akn ≥ bln ≥ bqn . Therefore, (pn, qn) ∈ P(a,b).
Moreover, due to relations (41) and (42),
lim
n→∞
pn
qn
= lim
n→∞
pn − kn + kn
qn − ln + ln = limn→∞
(
pn−kn
kn
+ 1
)
kn(
qn−ln
ln
+ 1
)
ln
= lim
n→∞
kn
ln
= L.
This implies that R ≤ L, which is the desired conclusion. 
Remark 3.2. The only place in the proof of Lemma 3.1 where we use the hypothesis that
L = ρ+≥(a, b) > 0 is to guarantee that the sequence {kn}n∈N tends to infinity (so that we can
apply Baker-Harman-Pintz’s theorem from [3] to obtain an (a, b)-ordering pair in P(a,b)).
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